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—— Abstract

The current trend within computer, and even real-time, systems is to incorporate parallel
hardware, e.g., multicore processors, and parallel software. Thus, the ability to safely analyse
such parallel systems, e.g., regarding the timing behaviour, becomes necessary. Static timing
analysis is an approach to mathematically derive safe bounds on the execution time of a program,
when executed on a given hardware platform. This paper presents an algorithm that statically
analyses the timing of parallel software, with threads communicating through shared memory,
using abstract interpretation. It also gives an extensive example to clarify how the algorithm
works.

Note that the contents of this report might be updated and/or completed without public
notification.

1998 ACM Subject Classification F.3.2 [Logics and Meanings of Programs]: Semantics of
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1 Introduction

Many safety-critical embedded systems have hard real-time requirements. For these, safe
bounds on the Best- and Worst-Case Execution Times (BCET/WCET) of the tasks in
the system are key measures. Together, they define an interval in time within which the
execution of the task is guaranteed to finish. In particular WCET bounds are needed by,
e.g., schedulability analyses.

For reasons of energy consumption and performance, development in hardware today
strives toward massively parallel architectures, like many-core, GPU and even special purpose,
heterogeneous platforms. Thus, it is very likely that software tasks in future real-time systems
will be parallel in order to utilise the provided computing power. Therefore, efforts must be
made in providing WCET analyses for such systems.

This paper focuses on analysing the timing behaviour of parallel software with dependent
sub-tasks, using a programming model with threads, shared memory, and locks. This kind
of programming model is commonly used in parallel software today. It is assumed that an
arbitrary underlying timing model, which can safely predict safe bounds on the BCET and
WCET of individual instructions given a certain system state, is provided. An algorithm to
statically derive the BCET and WCET of parallel software using abstract interpretation is
presented.

The rest of this paper is organised as follows. Section 2 presents related work on
static timing analysis for parallel systems. Section 3 gives a short introduction to abstract
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interpretation. Section 4 introduces a small model parallel language, with threads, thread-
local and global memory, and locks. We also give a formal semantics for the language,
including time, and we then present the analysis. Section 5 clarifies how the analysis works
by instantiating it for a given example program. Section 6 concludes the presentation with
some discussion and directions for the future.

2 Related Work

As far as we know, there have not been many attempts to statically analyse the execution
time of explicitly parallel software. The MERASA project provides a timing analysable
multicore CPU with a system level software (c.f., operating system). In [11], a case study is
performed, in which the WCET of a parallel 3D multigrid solver, executing on the MERASA
platform, is derived. In [8], model-checking (not a static approach) is used to derive the
WCET of a minimal parallel program. It is shown that, since model-checking is based on
exhaustive exploration of concrete states, it is difficult to achieve scalability using only the
presented approach. In [9], abstract interpretation is combined with model-checking to avoid
the scalability problems found in, e.g., [8]. This work does not focus on explicitly parallel
software, though.

In [3], an approach to directly calculate the BCET and WCET for sequential programs
using abstract execution [7] is presented. Our work takes basically the same approach, but
for explicitly parallel programs.

There is also some research on static low-level analysis of parallel systems. In [1] and [12],
static methods for analysing multicores with a shared L2 instruction cache are presented. In
[1], effects from timing anomaly influenced pipelines are also taken into account.

3 Background Theory

In general, basing a timing analysis on the concrete semantic of a program is infeasible due to
the enormous number of states that must be explored. Abstract interpretation [2, 5, 10] is a
method for safely approximating the concrete program semantics and can be used to obtain
a set of possible abstract states for each point in a program. An abstract state collects, and
most often over-approximates, the information given by a set of concrete semantic states.
This means that an analysis based on abstractly interpreting the semantics of a program can
become less complex and more efficient, but might suffer from imprecision, compared to an
analysis based on the concrete semantics.

3.1 Galois Connections

The concrete semantics of a programming language can be abstracted in many different ways.
The choice of abstraction is done by defining an abstract domain. An abstract domain is
essentially the set of all possible abstract states that fit the definition of the domain. It is
often shown that the abstract domain is a safe over-approximation of the concrete domain
by deriving a Galois connection between the two domains [10]. A Galois connection between
two domains (complete lattices!), D and D, is described by an abstraction function, «, and
a concretisation function, «y, which must fulfil the criterion in Definition 3.1.

1 An introduction to the theory on complete lattices can be found in many textbooks, e.g., (10].
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» Definition 3.1 (Galois connection). («,~) is a Galois connection iff @ and 7 are monotone

functions that fulfil .
aoyC Ad.d

yoa J Ad.d
for all d € D and d € D, where D is the concrete domain and D is the abstract domain. <
An often useful special case of a Galois connection is called a Galois insertion [10].

» Definition 3.2 (Galois insertion). (o, ) is a Galois insertion iff o and 7 are monotone
functions that fulfil .

aoy=Ad.d

voa JAdd

for all d € D and d € D, where D is the concrete domain and D is the abstract domain. <

A function in the concrete domain, f : D — D, can be safely approximated by a function
in the abstract domain, f: D — D, iff Vd € D : f(v(d)) € v(f(d)). The best approximation
is achieved by inducing f along « [10].

» Definition 3.3 (Induced function). Assuming that (o, ) is a Galois connection, the best
approximation of f: D — D in D — D is given by:

aofory <
Sometimes, it is more convenient to work with adjunctions instead of Galois connections.

» Definition 3.4 (Adjunction). («:V — D,~: D — V) is said to be an adjunction between
the complete lattices V = (V,Cy, l,,,[ 1y, Lv, Tv) and D = (D,Cp,| |, 1p, Lp, Tp) iff
« and y are total functions that satisfy

a(v) Cp d < v Cy v(d)
forallv € V and d € D. |
In fact, adjunctions are Galois connections.

» Theorem 3.5 (Adjunctions and Galois connections). (o : V. — D,y : D — V) is an
adjunction iff it is a Galois connection. |

Proof. First assume that (« : V. — D,y : D — V) is an adjunction. It will be proven
that it also is a Galois connection by showing that v o a Jy Av.w and a0y Ep Ad.d.
For any v € V, trivially a(v) Cp a(v). Using that a(v) Cp d = v Cy v(d), it can
be established that v Cy v(a(v)). Similarly, for any d € D, trivially v(d) Ty ~(d).
Using that v Cy (d) = a(v) Cp d, it can be established that a(y(d)) Cp d. Thus,
(a:V = D,~v:D — V) is a Galois connection.

Next assume that (o : V — D,y : D — V) is a Galois connection. It will be proven that it
also is an adjunction by showing that a(v) Cp d = v Cy y(d) and v Ty y(d) = a(v) Cp d.
So, first assume that a(v) Cp d. Then, since v is monotone, v(a(v)) Cy y(d). Using that
~voa dy Av.w, it can be established that v Cy y(a(v)) Cy v(d) as required. For the second
part of the proof, assume that v Cy y(d). Then, since « is monotone, a(v) Ep a(y(d)).
Using that a0y Cp Ad.d, it can be established that a(v) Cp a(y(d)) Cp d as required. <

A Galois connection can be constructed, or its correctness can be verified, using the
following theorems.
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» Theorem 3.6 (Galois connection — independent attribute method). If («: V — D,v: D —
V) and (o/ : V! — D',y : D' = V') are Galois connections, then so is (" : (V x V') —
(Dx D),y :(Dx D" — (VxV"), where

{O/’((Mv/)) = (a(v), o' (v"))
V'((d,d)) = (v(d),~'(d'))
and (v,v") € V. x V' and (d,d') € D x D'. <

Proof. First calculate the following.

o"((v,0") € (d,d') "5 (a(v), o’ (v")) C (d, @)

calc.

= a(w)CdAd (W) d
LAy Cay(d) AV CA()
L (0,0') T (v(d), ()

LI (0,0 Ty ((d, d))

Then, using Theorem 3.5, the result follows. |

» Theorem 3.7 (Galois connection — lifted independent attribute method). If (o : P(V1) —
D1,v1: D1 — P(V1)) and {ag : P(Va) = Da,v2 : Dy — P(Va)) are Galois connections, then
50 is (o : P(Vy x Vo) = (Dy X Ds),7y: (D1 x D) — P(V1 x Vo)), where

{a(V) = (a1({v1 | Fvz € Vo i (v1,v2) € V), ao({vz | Fvr € Vi : (v1,02) € V}))
Y((d1,d2)) = 71(d1) x 72(d2)

and V C Vi x Vo and (dl,dg)GDl X Dsy. |

Proof. First, calculate

a(V)C (di,d2) <= (a1(V]),a2(V3)) E (di,da)
L 0y (V]) Cr di Aao(VE) Ea do
2V C(di) AV C ya(da)
E5 V)XV C () % 2(da)
“y VI x V3 € v((d1,dz))
VTV XV

= VCq((di,d2))

where V{ = {vy | vz € Vo : (v1,v2) € V} and Vi = {ve | Fv1 € V7 : (v1,v2) € V}. Then,
using Theorem 3.5, the result follows. <

» Theorem 3.8 (Galois connection — double lifting). If (a: V — D,~: D — V) is a Galois
connection, then so is (ap : P(V) = P(D),yp : P(D) — P(V)), where

{aP(V’) ={a(v) [veV'}
(D) ={r(d)[de D'}

and V' CV and D' C D. <
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Proof. First, note that yp is monotone since y is. Then calculate the following.

ap(V')C D' ol gr {a(v) |lveV'} C D
e eV {a(v)} C D’

Iy e V7 ({a(0)}) C e (D)
L e V' {y(a(v)} C e (D)
MWLy e V7 {v} Cyp(D)
@ Y Coyp(D)
Then, using Theorem 3.5, the result follows. |

» Theorem 3.9 (Galois connection — total function space). If (¢« : V — D,v: D — V) is a
Galois connection, then so is (o : (S = V) —= (S = D),y : (S = D) = (S = V)) for some
set S, where:

{a’(f) =aof
7'(g) =v0g <

Proof. First note that o/ and 4/ are monotone since « and v are. Furthermore, since {(«, )
is a Galois connection,

V(@ (f)) =veacfIf

a'(7(9)) =acyogly
and, thus, the theorem holds. <

» Theorem 3.10 (Galois connection - lifted total function space). If (o : P(V) — D,~v: D —
P(V)) is a Galois connection, then so is (as : P(S - V) = (S = D),vs : (S = D) —
P(S — V), for some set S, where

{QS(V’) =As € Sal{v s|v eV'})
vs(d) ={As € Sv|ver(ds)}

and V' CS =V anddec S — D. <

Proof. First note that 7, is monotone because v is. Then calculate the following.

(V) Ed "L NseSa({v's|v eV Ed

Vo ImQn- vs(As € S.a({v' s| v € V'})) C vs(d)

L AseSulvey((0 € Sa{v' S|V €V'))) s)} C )
L DseSvlvera{ s[v e V) Crld)

AvgCyoa AseSv|lve{v s|v eV'}}C

{As € Swlvey(a({v' s| v €V} Cy(d)

gale {dseSv|ve{v s|v eV'}} Crd)
L Dse S0 5) [ v eV} C(d)
gale {v' | v € V'} C4(d)
L Y C oy (d)

Then, using Theorem 3.5, the result follows. <
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» Theorem 3.11 (Galois connection — indexing). If (o« : V. — D,y : D — V) is a Galois
connection, then so is (o’ : (S x V) = (S x D),~": (S x D) — (S x V)), for some partially
ordered set S 3 s, with the partial order defined as s C s’ <= s = s, where

{a’((s,v)) = (s, (v))
V(s d)) = (s,7(d))

and (s,v) € S XV and (s',d) € S x D. <
Proof. First calculate the following.

ef.

o/((5.0)) € (s',d) “LE (s,0(0)) € ()
L s=g'A alv)Cd
B35S s g AvC ~(d)
E5 (5,0) E(s',7(d)
LI (5,0) T )
Then, using Theorem 3.5, the result follows. |

3.2 Constructing a Galois Insertion

A Galois insertion (a,~) between two domains, D and D, can be constructed by following

steps 1-5 below [5].

1. A domain D with a partial order C, a least (bottom) element L, a greatest (top) element
T, a greatest lower bound [ | and a least upper bound | |, so that (D,C,[ |,[], L, T) is a
complete lattice must be given.

2. Define a domain D and a monotone concretisation function v : D — D.

Define the partial order C for D.

4. The greatest lower bound ﬁ and the least upper bound |;| must exist for all subsets of D.
Then, by definition, (D, C, |;|, ﬁ, 1, T) is a complete lattice.

5. Define the abstraction function « : D — D, which must be monotone.

w

Assuming that the domains D and D and the monotone concretisation function ~ are defined,
the partial ordering C can easily be defined as [5]:

» Definition 3.12 (Partial order). C is a partial order for the domain D iff Vd;,dy € D :
(dl Cdo <~ V(dl) C ’Y(dg)) <

Based on this definition of the partial order, the greatest lower bound and least upper
bound can be defined [5].

iff Vd' € D’ : d € d'. The element d € D is the greatest lower bound of D' C D (d =[]D")
iff d is a lower bound of D’ and for all other lower bounds d’ of D’ we have d’ C d. <

> Definition 3.13 (Greatest lower bound). The element d € D is a lower bound of D’ C D
d=

» Definition 3.14 (Least upper bound). The element d € D is an upper bound of D' C D iff
Vd € D' :d C d. The element d € D is the least upper bound of D' C D ( =||D)iff dis
an upper bound of D’ and for all other upper bounds d’ of D’ we have d C d'. <

The abstraction function o can be defined based on the definition of the greatest lower
bound operator [5].
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» Definition 3.15 (Abstraction function, ). Given two domains D and D and a monotone
concretisation function v : D — D, the abstraction function « : D — D is defined by:

o(d) =[{d | d C v(d)}
where d € D and d € D. <

Alternatively, assuming that we have defined two domains and a monotone abstraction
function, the concretisation function v can be defined based on the least upper bound
operator.

» Definition 3.16 (Alternative definition — Concretisation function, ). Given two domains
D and D and a monotone abstraction function « : D — D, the concretisation function
v : D — D is defined by:

v(d) = LU{d | a(d) C d}

where d € D and d € D. |

3.3 The Interval Domain

One example of an abstract domain for values is the interval domain [4, 5, 10]. The definition
of an interval is given in Definition 3.17.

» Definition 3.17 (Interval). An interval is defined as [ny, ng|, where ny,n2 € Val =Z U
{—00, 0} are the lower and upper bounds of the interval, respectively, and n; < ny. Formally,
the set of all intervals is defined as Intv = {L;,:} U {[n1,n2] | n1 < na Any,ng € Val},
where L ;,; denotes an invalid interval and T ;,; = [—00, 00]. <

A Galois insertion will now be created between P(Val) and Intv, using the steps of
Section 3.2. The concretisation function 7, : Intv — P(Val) is defined as:

» Definition 3.18 (Concretisation of intervals).

Vint(t) = {n€Val|ny <n<ng} ifi=[ng,ng <

The partial order relation for intervals, T, is defined as (using Definition 3.12):
» Definition 3.19 (Partial order for intervals).

1 Eint Tint
J—int Eint 1
[n1,m2] Cane [0, 1] <= n) <nj Ang <nj <

The greatest lower bound operator for intervals [ |,,,; is defined as (using Definition 3.13):
» Definition 3.20 (Greatest lower bound for intervals).

1Mt Tint = Tint Minet =1

{ Mint J—int = J—i’mﬁ ﬂinti = Lint
/ /

[nl, n2] ﬂint[nla n2] =

{[max({nlvn/l})’min({n%né})] if max({n1,n1}) <min({nz,n5})
Lint otherwise <

The least upper bound operator for intervals | |, , is defined as (using Definition 3.14):
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» Definition 3.21 (Least upper bound for intervals).

tUint Tint = TintUinet = Ting
tUint Lint = Lint Uine 1 =1

[n1; 9] Uine [0, 5] = [min({n1, n} }), max({nz, na})] <
The abstraction function oy, : P(Val) — Intv is defined as (using Definition 3.15):
» Definition 3.22 (Abstraction to interval).

aint(v) = . .
[min(V), max(V)] otherwise <
To show that (aunt, Yine) is a Galois insertion, it would suffice to show that vy, is
monotone, since the steps of Section 3.2 have been used. However, for clarity, the entire
proof will be provided.

» Lemma 3.23 (Monotonicity of v;,:). The function v, : Intv — P(Val) is monotone. <

Proof. It should be shown that Vi, € Intv : (i Tyt ' = Yint (1) C Yine('))-

For the case that i = L, the proof is trivial. Assume that ¢ = [n,ns] € Intv and
i’ = [nf,nb] € Intv, such that ¢ Ty, i'. Further assume that n € v;,:(¢). Then it must
be the case that n; < n < ng (Definition 3.18). Since ¢ Ty, ¢/, it must be the case that
n} <np <n <ng <nb (Definition 3.19). But, then it must be that n € v;,:(i") (Definition
3.18), and thus, Vit () C Yint (7). <

» Lemma 3.24 (Monotonicity of aj,t). The function iy : P(Val) — Intv is monotone. <

Proof. It should be shown that YV, V' € P(Val) : (V C V' = (V) Cine @it (V).

For the case that V = 0, the proof is trivial. Assume that V,V’ € P(Val), such
that V' C V'. Further assume that (V) = [n1,n2] and a; (V') = [n},n5]. Since
V C V| it must be that Yo € V : {v} C V', and hence, {n1,n2} C V’. But then, it
must be that min(V’) = n} < n; = min(V) and max(V) = ny < n), = max(V’), and thus,
[n1,n2] Cine [0, nh] (Definition 3.19), which means that ant (V) Tt it (V). <

» Theorem 3.25 (Galois insertion). (an: : P(Val) — Intv, 7, : Intv — P(Val)) is a
Galois insertion. <

Proof. The proof amounts to showing that Definition 3.2 is fulfilled by (s, Yint). Note
that P(Val) and Intv are complete lattices [10].
According to Lemmas 3.23 and 3.24, ~;,; and ay,; are monotone. To show that
int(Vint (1)) = 4, assume that i € Intv.
If i = Ling, then v (i) = 0. Thus, @it (Yint (1)) = aine(0) = Ly = i.
If i = [n1, na), then v (i) = {n € Val | ny < n < ny}. Thus, ami(Yimt(i)) = ame({n €
Val |ny <n<ng})=[n,n =4
To show that yin (i (V) 2 V, assume that V € P(Val).
If V=0, then ajn(V) = Ling. Thus, Yine(int(V)) = Yint(Ling) =0 20 = V.
ItV #£ 0, then ap(V) = [min(V), max(V)]. hus Yint(@int(V)) = Yint([min(V),
max(V)]) = {n € Val | min(V) <n < max(V)} 2 <
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P:=T ’ P| T s:=[halt] ’[skip]l |[r :=aq) |[if b goto I’ ‘ 81382 ’
[load 7 from z]' |[store r to ]! |[lock Ick]' |[unlock lck]!
T == (N,s) a:::n|r|a1+a2|a1-a2!al*a2|a1/a2

b= true|false|!b|b1&&b2‘a1 ==a2’a1 <= a9

Figure 1 The parallel programming language.

sT™( T, pc) ‘ (pc’, ', x',1") ‘ Condition
[halt]”® (pc,r,x, 1) —
[skip]?® (pc+1,r,x,1) —
[r :=a]P (pc+ 1,r[r— Afa]r], x,1) —
[Load r from x| (pc+1,R(r, 1, z,x),x,1) —
[store r to z]" | (pc+ 1,1, x[z — (x z)[T — {(r r, t)}]],1) —
[if b goto ]P° (pc+1,r,x,1) -B[b]r
[if b goto []P° (,r,x,1) Blb]r
[Lock lck]P® (pc,r,x, 1) OowN(l lck) # T
[Lock lck]*® (pc+ 1,1,x,1[lck — (locked, T')]) OowWN(llck) =T
[unlock lck]P® (pc+ 1,r,x,1[ick — (unlocked, Linrq)]) —

where R(r,r,z,x) = r[r+~ v] and for some ¢’ € Time, {(v,t')} = {Jpcpppq((x ) T')

Figure 2 Semantics of concrete axiom transitions: (T, pc,r,x,1, t)a%(pc', ', x', 1)
4 Timing Analysis

In this section, an algorithm for timing analysis of programs containing dependent parallel
threads will be defined. It is assumed that the underlying architecture consists of both
thread-private and global memory, referred to as registers, € Reg, and variables, « € Var,
respectively, and that arithmetical operations etc. can be performed using values of registers.
It will also be assumed that shared resources that can be acquired in a mutually exclusive
manner by the threads are provided, and that the operations provided by the instruction
set (statements) may have variable execution times. (C.f., multicore CPU:s, where you have
local and global memory, a shared memory bus and mutual exclusion operations.)

4.1 A Parallel Programming Language

The analysis will be based on the parallel programming language defined in Figure 1, which
is a set of operations using the discussed architectural features. P € Prg denotes a program,
which simply is a number of threads, denoted by T € Thrd. A thread is a pair of a
statement, s € Stm, and a unique identifier, N € ThrdID. This makes every thread unique
and distinguishable from other threads, even if several threads contain the same statement.
To increase the readability of the semantics, it will be assumed that the axiom-statements (all
statements except the sequentially composed statement, s;;s2) of each thread are uniquely
labelled with consecutive labels, [ € Lbl, and stored in an array-like fashion in ascending order
of their labels. a € Aexp and b € Bexp denote an arithmetic and a boolean expression,
respectively, n € Val is an integer value, and lck € Lck denotes a lock. Locks can be
acquired in a mutually exclusive manner using lock and released using unlock. Values can
be transferred between variables and registers using load and store. Conditional branching
is performed using if, a register is assigned a value using :=, a no-operation is performed
using skip, and halt stops the execution of the issuing thread. The arithmetical, boolean
and relational operators are self-explanatory and will not be discussed further.

The semantics of the language is formally defined in Figures 2 (individual axiom state-
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STM((N, s), pc) = LABELS(S) =
s if s = [skip]™V {l} if s = [skip]' V
=[r:=a”vV =[r:=al'Vv
= [if bgoto I']*°V s = [if bgoto I']' v
= [load r from a:]pc = [load r from z]' Vv
= [store r to z]"° V = [store 7 to z]' V
= =
= s=|

lock lck]P® v lock Ick]' v

unlock lck]P¢ V unlock Ick]' Vv
s = [halt]?* [halt]
STM((N, s"), pc) if s =s";s" A pc € LABELS(s') LABELS(s") U 1f s=48;s"
STM((N, s"), pc) if s = s';s"” A pc € LABELS(s”) LABELS(s")
(a) Definition of sTM. (b) Definition of LABELS.

Figure 3 Definition of STM and LABELS.

VT € Thrdege : (T, pcp,rvr,x,1", t%'>ﬁ><pc'T,]r'T,x'T,]l}>

b {(T,pcp,x'p, t7',7) | T € Thrd},x', I, t')
where

. FjNTIME(({(T,pCT,H‘T, tr,t7) | T € Thrd},x, 1, t), T) if ¢t =7
tr

t' =min({t} + t7' | T € Thrd})
ta +th if =%+t
tr otherwise
Thrde,e = {T € Thrd | ¢/ = 7'}

(x'r ) T for some T € Thrdeg. : 3r € Reg : STM(T, pcy) = [store 7 to z]*°T
(x'z) T = Q) for 7" € Thrd \ {T}, if such a T exists

otherwise

{ unlocked T) for some T € Thrdeg.e : STM(T, pcy) = [lock lck]P°T, if such
1" Ick =

otherwise

tT:

T exists, STT(I lck) = unlocked and OWN(L Ick) = Liprg
1lck otherwise

(owN(1" Ick) = T AstM(T, pcy) = [Lock lck]P°T)), if such T exists

T lck  for some T € Thrdeze : (STM(T, pcy) = [unlock lck]P°T V
Vick =
lick  otherwise

Figure 4 Semantics of concrete program transitions: (Ts,x,1, t) (Ts x', 1" ¢)
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AlnJr =n Alai +az]r = Afar]r + Afaz]r Alay * az2]r = Afar]r - Alaz]r
Alrflr =t r Alar - az]r = AJair]r — Alaz]r Alas / as]r = [ﬁEZ;%EJ

Figure 5 Semantics of concrete evaluation of arithmetic expressions.

B[truelr <= true B['b]r < —-B[b]r Blai == az]r <= Alai]r = Afaz]r
Blfalse]r <= false B[bi&&bo]r <= B[bi]r A B[b2r  Bla1 <= az]r <= Afa1]r < Afaz]r

Figure 6 Semantics of concrete evaluation of boolean expressions.

ments) and 4 (system of threads). x € Var — Thrd — P(Val x Time), 1 € Lck —
(Leksty X Thrd U { Liprq}), where Leksty = {unlocked, locked}, and t € Time are the states
for variables and locks, and the current time. For each thread, T, in the program, there is
also pcp € Lbly, rr € Regy — Val, t7. € Time and ¢4 € Time, which are the states of
the program counter and registers of T, the relative execution time of 7T’s active statement,
STM( T, pcy) (note that STM is defined in Figure 3a and LABELS is defined in Figure 3b),
and the accumulated execution time for T, respectively. The tuple collecting all these states

will be referred to as a configuration, ¢, i.e., ¢ = ({(T, pcp,rr,th, t5) | T € Thrd}, x,1, ¢).

Note that states are updated on transitions, i.e., when pc is updated.
The state for locks keeps track of the state and owner of each lock. The owner is L¢ppq if
no thread currently has the lock acquired. The state for registers of thread 7T simply keeps

track of the current value of each register within 7. The state for variables is not as intuitive.

To be precise, the abstraction of the state for variables will need to save write history, i.e.,
what abstract writes (a pair of value and time) have been performed by each thread on each
variable (see Section 4.2). Therefore, to derive a Galois connection (and hence implicitly get
a safe approximation [10]), the concrete state for variables has to be defined accordingly. In
the concrete semantics, only one single write is saved for each variable, though. This write
is non-deterministically chosen from one of the threads, if any, writing the variable at any
given point in time (see Figure 4). R is defined to return the value of the saved write (see
Figure 2).

A : Aexp — (Reg — Val) — Val and B : Bexp — (Reg — Val) — Bool evaluate
arithmetic and boolean expressions, respectively, given a particular register state. The
semantics of these functions can be found in Figures 5 and 6, respectively. FINTIME is
assumed to be provided by a timing-model of the underlying hardware. It should return a
relative execution time for the statement of thread T, i.e., STM(T, pcy), based on the current

system state. The set of threads to execute, Thrd,,., is determined based on t', t"" and t°.
It simply consists of the threads that will update their pc:s at the nearest point in time, #'.

An illustration of how ¢4/, t%, ¢, ¢’ and Thrd.,. are related is given in Figure 7. For ¢; in
Figure 7a, t' = tr, + t}z’ =t3, + t}s’ = 6. Thus, Ts, T5 € Thrd.,. and will hence update
their t*. For ¢y in Figure 7b, 17, " and t}a' are updated using FINTIME to again determine

th, th+ tr) th, th + tn,
T3-—0————-| ., T3-—0————-| .
thy t9y + th, tr, by + i,
Tot+——+— — 4 , Tot—mM8Mm+—————— -I/
by U5, + U, b, Ury + tpy
T+ — — A Tyt —— A
Itlléllllg/llsllllélltime Illéllliléltllllélltime
(a) Cl: Thrdeme = {TQ, T3} (b) C2: Thrdem = {Tl7 Tg}

Figure 7 Illustration of how Thrdez. is determined (c1 WCQ).
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Thrd,,..

The behaviour of locks needs to be explained. Assume that some threads in Thrdg,.
execute a lock-statement on some lock, Ick, and that [ck is unlocked in the given configuration.
In the resulting configuration, STT(l’ Ick) = locked and the owner will be one of the threads
that tried to acquire lck. The chosen thread is given by owN(1” Ick); note that 1” is only used
to control the behaviour of the rules for lock in Figure 2. This thread will have incremented
its pc and thus moved on to executing its next statement. All other threads that tried to
acquire [ck will again try to acquire [ck since their pc:s are not changed. Note that the latter
would also be the case for all threads in Thrd.,. that try to acquire an already locked lock
that is not owned by themselves. Also note that a thread who owns a lock is allowed to
repeatedly acquire this lock any number of times.

4.2 Abstract Interpretation

First, it must be decided what parts of the system state to interpret in an abstract way. To
allow for the hardware timing-model to be approximated as well, Time will be abstracted
using the interval domain, i.e., Time = Intv. This approach is also taken by Chattopadhyay
et al. [1] to approximate the execution time of pipeline stages in order to deal with timing
anomalies in multicore platforms. Val will also be abstracted using intervals, i.e., Val = Intv,
to allow for an efficient handling of data flow. Since Thrd, Lbl, Var, Reg, Lck, Aexp
and Bexp are defined by the software, it does not make any sense to abstract them for the
defined analysis (see Section 4.3). And, since Lckgyt is comparable to Bool, an abstraction
of it would not be very beneficial. The states implicitly affected by the abstractions of Time
and Val are r, x, t", t%, t, and thus c. The abstraction of these will be referred to as T, X,
t", 1%, t and ¢, respectively.

Since values are abstracted using the interval domain, the operators of the language must
be extended to act on intervals. This is done in Figure 8. Note that co/oo, 0/0, 0 * co and
0o — oo need not be defined.

Using Theorems 3.10 and 3.25, it is easy to see that there is indeed a Galois connection,
(Qtreg, Yreg), between the domains P(Reg — Val) and Reg — VAal. The concretisation and
abstraction functions, partial order and least upper and greatest lower bounds are given by
Definitions 4.1, 4.2, 4.3, 4.4 and 4.5. The bottom element J_reg € Reg — Val corresponds
to an abstract mapping for which some register maps to L;,;. This does not mean that
there exist several bottom elements. Rather, if some register maps to L;,; in T, then T is
pulled down to become the bottom element, i.e., ¥ = lmg. The top element corresponds to
an abstract mapping for which all registers map to T ;.

» Definition 4.1 (Concretisation of an abstract register store).

() = 0 if & = J_mg
TregtX {A\r € Reg.v | v € ¥y (T r)} otherwise <

» Definition 4.2 (Partial order for abstract register stores).

J—Teg Ereg ﬁl
Pt <= VreReg:TrCytr <

» Definition 4.3 (Greatest lower bound of abstract register stores).

{

/\'_1
'=§z\3

eg [ reg T = ﬁgl :J_g
Mreg &) 7= (F 1) Mg
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[n1, o] +ine[ny, nh] =

[nh Tl2] _int[nav n'g] =

[n1, na] *ime [y, s =

[n1,n2] /im0y, mbs] =

[n1 4+ nj,ne +nb] if —oo < mny,ni,ng,nb < oo

[n1 + nf, o] if (n2 =o00Vnh, =00)A
—((ng = —c0 Anj =00)V
(n1 =00 Anj = —o0))
[—00,ng + nb) if (ny = —ocoVnj=—-00)A
—((ng = —00 Amb =00) V
(ng = 00 Anh = —00))
[—00, 0] otherwise
[n1 —nhyne —nf] if — oo < ny,ni,ng,nh < oo
ny — nbh, 00 if (no =ocoVn, =—00)A
2 1
=((n1 =00 Anh=00)V
(ng = —00 Anb = —0))
[—00,ny — nf] if (nj = —coVnh =o00) A
=((ng =00 Anj =00)V
(ng = —0c0 Anj = —0))
[—00, o0] otherwise

[min(V),max(V)] if (ne <0An) >0)V
(ne <0AN,H<0)V
(n1>0AN; >0)V
(n1>0AN5 <0)V
(—o0 < ny,ni,ng,nh < 00)
where V = {n; * n},ny * nh,ng xni,ng xnbH}
[—o0, o0 otherwise
[[min(V) ], [max(V)]] if (—oo <nj An, <0)V
(0 < nf Anb < o0)
where V = {ny/nf,ni/nh,na/ni, na/nkh}

[—o00, —n1] if n) <0<nbAny <0
[—n2, 0] if n] <0<niA0<my
[—00, 00] otherwise

Figure 8 Language operators defined for interval arguments.
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Ald] lreg = 1pul Alay + az]F = Afa1]T +ins Afao]
A[n]i =n Afar - az]t = Afar]§ — int Afaz])F
Alr]g =t r Alay * az]F = Afa1 ] *ine Alag]f

Alay / az]i = Afa1]F /int Alaz]F

Figure 9 The abstract function evaluating arithmetic expressions.

» Definition 4.4 (Least upper bound of abstract register stores).

{j—reg Dreg r=ro |:|T'eg J~—7'eg =T
(g &) 7 = (F 1) Ugns (& 1) «

» Definition 4.5 (Abstraction of a set of register stores).

Lreg ifR=0
Ar € Reg.an:({r r | r € R}) otherwise <

Qreg(R) = {

The function evaluating arithmetic expressions, A, must be abstracted since values and
register stores are abstracted. The abstraction will be A : Aexp — (Reg — Val) — Val
and can be derived using Definition 3.3 to induce .A. To do this, .A must first be lifted to
sets of concrete register mappings:

Ap[a]R = {Afa]r | r € R}
The abstract evaluation function can then be derived as:
A[[aﬂ = Qlyql © -A’P [[CL]] O Vreg

The details of this function can be found in Figure 9.

The function BR, defined in Definition 4.6, will be used in the abstract axiom transition
rules (see Figure 11). This function is safely induced from B, using Definition 3.3, so that
the concretisation of BR[b]F always contains (at least) the concrete stores, derived from f,
in which b evaluates to true.

» Definition 4.6 (Boolean restriction).
BRIBJT = ctreg({r € Yreg(T) | B[b]r}) <

Using Theorems 3.7, 3.8, 3.10 and 3.25, it is easy to see that there is indeed a Galois
connection, (yar, Yvar), between the domains P(Var — Thrd — P(Val x Time)) and
Var — Thrd — P(Val x Time). The concretisation and abstraction functions, partial
order and least upper and greatest lower bounds are given by Definitions 4.9, 4.15, 4.16, 4.17
and 4.10. The bottom element lwr € Var — Thrd — P(Val x Time) corresponds to a
mapping for which the set of abstract writes for some variable and thread contains (lml, 1),
(v, lt) or (lval, Lg). This does not mean that there exist several bottom elements. Rather,
if the set of writes for some variable and thread in X contains one of these elements, then x
is pulled down to become the bottom element, i.e., X = L yar- The top element corresponds
to a mapping for which the set of writes for all variables and threads contain the element
(fwl,ft). X € Var —» Thrd — P(Val x Tirme) can save any number (i.e., history) of
abstract writes, w € Val x Time, for each thread that occur on some variable. This is done
to increase the precision in the analysis, since then, sequence (within each thread) and timing
information (between threads) can be used to get a tight value when reading a variable.

For convenience in expressing, and readability of, the upcoming algorithms, some relations
for abstract writes will be defined. The partial order for writes, C,,, follows naturally (c.f.,
Definition 3.12) from the partial orders for values, C,,;, and time, C,.



Andreas Gustavsson, Jan Gustafsson, and Bjorn Lisper

» Definition 4.7 (Partial order of writes).

w
(01,t1) Ty (D2, ) <= 01 Ly V2 Aty Ty b <

The precedence relation, <;, on abstract times can be useful to determine whether two
writes are performed at disjunct times.

» Definition 4.8 (Time precedence).

{lt it i
t1 <t tp <= max(v:(t1)) < min(v:(t2)) <

The concretisation of abstract variable stores is decribed by 7, which is presented in
Definition 4.9.

» Definition 4.9 (Concretization of an abstract variable store).

Yoar(X) ={Ax € Var.f | f € {A\T € Thrd. W | W € {%gl(f)) x (1) |
(0,1) € (X z) T)}}} <

The abstraction of concrete variable stores is decribed by .. which is presented in
Definition 4.10.

» Definition 4.10 (Abstraction of a concrete variable store).

yar(X) = Az € Var AT € Thrd . {(ay.({v | 3t € Time: (v,t) € W}),
ai({t]Jv e Val: (v,t) € W})) |
We{lxz) T|xeX}} <

Note that the definitions of C g, ﬁ and |;|mr could follow naturally from the definition
of the domain (i.e., they could be defined based on C, [ and J, respectively). However, this
will not be the case. This is due to the fact that the history in the two stores might have
different traces (sequence information) and can thus not simply be, e.g., joined. Instead, the
operations to be used should be defined based on Definition 4.11 to ensure that all threads
see safe values (see Definition 4.12) at all times.

var

» Definition 4.11 (Safe write history). An abstract variable store, X, is safe at time # if it
contains, at least, all the abstract values (not writes) that might be seen by some thread at
time £; i.e., it covers at least all the possible concrete writes that might have occurred at
time ¢ € y,(%).
Thus, to be safe, X must, for each variable and each thread, contain at least:
1. all writes, (@, '), such that £F, # # 1, and
2. the latest (most recent) write, (7,#'), such that 11, # = 1,. The most recent write(s),
(9,1), is defined such that min(v;(%)) > max(v¢(#')) > max(v:(#")), for all other writes,
(@,1"), for which 171, ' = 1,. <

» Definition 4.12 (Safe value of  as seen by thread T'). Assuming that X contains safe write
history for all threads on variable x, according to Definition 4.11, a safe value of z, as seen
by thread T, at time # is the least upper bound, |:]
writes.

1. All writes, @y = (077, tv), for all threads T’ € Thrd \ { T} such that #7/ [, # L.

vai» Of the values of at least the following

15
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Algorithm 4.1 Write to Variable

1: function WRITE(T, X, z, 0)

2 if £ = L0 V@ = 1, then

3 £ < Loar

4: else . e ,
5 & ) T'e{((xfx,) )/U{w} if ::?/\T:T
6 ond if (x2') T otherwise

7 return x’

8: end function

2. The most recent write W/, = (¥, ), for each thread T’ € Thrd, among the remaining
writes (i.e., Why # W), if ¥ My byrw # Li, Where t,, <; t is the time of the most
recent write of any write, not belonging to 1. |

WRITE( T, X, z,w), as defined in Algorithm 4.1, safely (Lemma 4.13) adds the write, w,
to the set of write-history for thread T, i.e., to ((X z) T).

» Lemma 4.13 (Safety of WRITE). Assuming that X contains safe write history for thread
T before the write is performed, which occurs at time t (c.f., Definition 4.11), then so will
WRITE( T, %, 7, (0, 1)). <

Proof. Since WRITE(T,%,r, (7,1)) simply adds the write (9,#) to the history of thread
T’s writes on variable z in the store X, and X is assumed to contain safe write history,
WRITE( T, X, 7, (, 1)) is trivially safe. |

Algorithm 4.2 Read from Variable

1: function READ(X, z, T, 1)

2 for all 7/ € Thrd \ {T} do

3 (R2) T') - {(@,¥) e (Ra) T') [T Z: ¥}
4: end for

5 (&) )« {(0,1) € (R 2) T) | min(y(2)) > min(v.(t))}
6: W« 0

7 for all 7" € Thrd \ {T} do

8 W {(@, ) e () T | VPt # 1.}
9: (& 2) T+ (xx) T\ Wq

10: W+ Wp UW

11: end for

12: (X 2) T)+ (x2) T)

13: bmrw < MOSTRECENTWRITETIME(X, 7)

14:  if Fmrw # L then

15: for all 7' € Thrd do

16: tmrw,, < MOSTRECENTWRITETIMETHREAD((X' ) T)

17: W WU{@,1t)e (& =) T') | ¥ = tomrwy A tmrw # L}
18: end for

19: end if

200 0+« |, {¢' |3 € Time : (?/,7) € W}

21: return ¢

22: end function

Using the sequence and timing information provided by Definition 4.11, READ(X, z, T, t),
as defined in Algorithm 4.2, only takes the writes that might be valid at  (the point in
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T

_ — R
e P ——
T: p——
.
i s time

Figure 10 The time-stamps of the writes considered by READ(X, x, T, 1) and READ(X, z, T», f2).

Algorithm 4.3 Time of Most Recent Write

1: function MOSTRECENTWRITETIME(X, x)

2 zmrw < j_t

3 for all T € Thrd do

4: inw'um« + MOSTRECENTWRITETIMETHREAD((X z) T)
5: if T = J~_t then

6: Lrw < tmrwy

7 else if imer #* J_t then

8 if rr}ax(’yt(z‘@er)) > max(V;(tmrw)) then

9

tm'rw — tm'r‘wT

10: else if max(%(?fmmT)) = max('yt(imrw)) then
11: trrw 4 bnrwy [t tmrw

12: end if

13: end if

14: end for
15: return Zmrw
16: end function

Algorithm 4.4 Time of Most Recent Write in Thread

1: function MOSTRECENTWRITETIMETHREAD(set)

2 if set = () then

3 return J~_t

4: end if

5: tmas < max(J{v:(?) | 30 € VAl : (3,1) € set})

6: tmin < min(({v:(?) | 30 € VAl: (3,%) € set A max(v(})) = tmaw})
7 return a:({tmin, tmaz})

8: end function

17
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time when T issues the READ) into consideration for its returned value ¢ € Val. These
writes, @ = (¥, #'), come from two categories. The first category covers the writes on z for
threads 7’ € Thrd \ { T} whose “time-stamps” overlap in time with %, i.e., £[; ' # 1,. The
second category covers the most recent write on « for all threads (including T) such that its
time-stamp overlaps with the overall most recent write of any write, not belonging to the first
category. Note that any write for thread T with a time-stamp that begins after the beginning
of # is discarded. So is any write for 7" € Thrd \ {7} such that its time-stamp completely
succeeds t. This is because such writes can simply not have occurred at the time of the READ
(and will thus usually not be included in  at all). An illustration of the time-stamps of the
writes in T} and T that must be considered by READ(%, z, T4, #;) (lines with arrow heads
pointing left) and READ(%, x, Ts, ) (lines with arrow heads pointing right) is given in Figure
10. The returned value, v, is the least upper bound of the values of the considered writes.
Note that MOSTRECENTWRITETIME and MOSTRECENTWRITETIMETHREAD are defined
in Algorithms 4.3 and 4.4, respectively, based on the fact that time progresses between
successive writes within each thread.

» Lemma 4.14 (Safety of READ). Assuming that X contains safe write history at t (see
Definition 4.11), READ(X,z, T, 1) returns a safe value (see Definition 4.12). <

Proof. The proof amounts to showing that all writes described by Definition 4.12 is included
in the resulting value. This is trivial since READ is derived using Definition 4.12. <

The partial order for abstract variable stores, C,,,, is defined based on PARTIALORDER-
VARIABLES in Algorithm 4.5, taking the safety of write history (Definition 4.11) into account.
Note that EARLIESTWRITETHREAD is defined in Algorithm 4.6. The idea is that the history
for each thread and variable should be the same in both stores for the relation to evaluate to
true. However, the histories are allowed to differ somewhat. The greater store could also
contain newer writes than those in the history of the lesser store. It could also be the case
that the newest write in the greater store is, at least, the least upper bound of the newest
writes in the lesser store that are not part of both histories.

» Definition 4.15 (Partial order of abstract variable stores).

J—uar E?}CLT‘ i
X C 4 X' <= PARTIALORDERVARIABLES(X, X') <

Based on the partial order relation, the greatest lower bound and least upper bound
operators, [,,. and |[,,,., respectively, can be defined. MEETVARIABLES is defined in
Algorithm 4.7 and JOINVARIABLES is defined in Algorithm 4.8.

» Definition 4.16 (Greatest lower bound of abstract variable stores).
J-var |:]var X=X ﬁvar J—'uar = Lvar
% Myar X' = MEETVARIABLES(X, X') <

» Definition 4.17 (Least upper bound of abstract variable stores).

{

Note that neither C ., |;|WT nor []Uar is used by the analysis but are just presented for
completeness in the definition of the lattice. However, if merging of configurations [6] is

introduced to lower the complexity of the analysis, at least | |, will be needed.

var Dvar X=X |:I'uar J—var = J—var
Uyer X' = JOINVARIABLES (X, X') <

A
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Algorithm 4.5 Partial Order of Abstract Variable Stores

1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

function PARTIALORDERVARIABLES(X, X')
for all x € Var do
for all T € Thrd do

ws <+ ((xz) T)
ws' +— (X z) T)
while ws # 0 A ws’ # 0 do
1 < EARLIESTWRITETHREAD(ws)
@' <= EARLIESTWRITETHREAD(ws’)
ws + ws \ {w}
ws' +— ws' \ {0’}
if w # @' then
if ws’ =0 then
for all W’ € wsU {w} do
if w"” £, @' then
return false
end if
end for
else
return false
end if
end if
end while
if ws # () then
return false
end if

end for
end for
return true

29: end function
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Algorithm 4.6 Earliest Write for a Thread

1: function EARLIESTWRITETHREAD(set)
2 if set = () then
3 return lw
4 end if
5: Lnin at(N{oo})
6 for all (9,1) € set do
7 if min(v,(%)) < min(v;(nin)) then
8 Zmin — 1
9: else if min(y:(%)) = min(y¢(fnin)) then
10: Zmin — Z‘I:It imin
11: end if
12: end for
13: W {(,1) | (8,%) € set ANt = bnin}
14: Vmin aq,gl({oo})
15: for all (9,t) € W do
16: if min(v,q:(0)) < min(yya;(Omin)) then
17: Vmin < U
18: else if min(%zal(ﬁ)) = min(%)al(f}min)) then
19: Umin < 0 ﬁva,l Umin
20: end if
21: end for
22: return (¥,in, tmin)

23: end function

Algorithm 4.7 Meeting Two Abstract Variable Stores

1: function MEETVARIABLES(X, X')

2 for all z € Var do

3 for all T € Thrd do

4: common < ()

5: while ((xz) T) #0A (X' z) T) # 0 do
6: W <~ EARLIESTWRITETHREAD((X z)
7 @' < EARLIESTWRITETHREAD((X'
8 if w = @' then

9 common < common U {w}

10; (z) T)« ((xz) T)\ {0}

z)

. (% 2) T) « (& «) T)\ {0}
12: else

13: (x2) T)« 0

14: (X' 2) T)«0

15: end if

16: end while

17: (X" z) T) + common

18: end for

19: end for

20: return x”

21: end function

T)
T)
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Algorithm 4.8 Joining Two Abstract Variable Stores

1: function JOINVARIABLES(X, X')

2 for all x € Var do

3 for all T € Thrd do

4: common < ()

5: merged < L,

6 while ((x2) T) #0V (X' z) T) #0 do
7
8
9

1 < EARLIESTWRITETHREAD((x z) T)
@' 4+ EARLIESTWRITETHREAD((X' x) T)
if @ = @' then

10: common + common U {w}

. (o) T) (& ) T)\ @)

12 (& @) T) (& 2) T)\ {0}

13: else if ((x ) T) = () then

14: common < common U (X' z) T)

15: (X' z) T)«0

16: else if (X' z) T) = 0 then

17: common < common U ((X z) T)

18: (xx) T)«+ 0

19: else

2. merged  (],(% 2) T)) Ol (& @) 7))

21: (xz) T)« 0

22: (X' z) T)«0

23: end if

24: end while

25: if merged = 1, then

26: (X" z) T) < common

27: else

28: (X" 2) T) < common U {merged}

29: end if

30: end for

31: end for

32: return x”

33: end function
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The concrete domain for configurations is P(Conf). It is natural to define the partial
ordering as C, the top element as Conf, the bottom element as (), and the greatest lower
bound and the least upper bound operators as N and U, respectively. Then, by definition,
(P(Conf), Conf=C, Ucons = U, Meong = M, Leons = 0, Teong = Conf) is a complete lattice.

The abstract domain for configurations is defined to be P(Conf), since parts of the
concrete configuration will not be abstracted; which means that any given set of concrete
configurations cannot be translated into one single abstract configuration. It is thus natural
to use C as the partial orderlng for this domain as well. By definition, (P(Conf), pconf—C

Upeons = U, Mpeons = N, ipc(mf =0, Tpc(mf = Conf) is a complete lattice.

First a connection between the domains Conf and P(Conf) will be introduced. Note

that

Conf = P(Thrd x Lbl x (Reg — Val) x Time x Time) x (Var — Thrd —
P(Val x Time)) x (Lck — (Lekgty X Thrd U { Liprq})) x Time

and thus
¢ i= ({(T, peqir, T3, 13) | T € Thrd}, %, 1,7)

The concretisation function for one single abstract configuration, veons : Conf —
P(Conf), is defined as:

» Definition 4.18 (Concretisation of one abstract configuration).

’Yconf(Tconf) Conf
’Yconf(J—conf) = @ o .
760"}"(<{(T’ pCTafTv t;" tljz“) | T e Thrdé}vﬁ’ﬂv t>) =
{<{(T7pCT7ET?t5“?t%‘) | ~ B
T € Thrd: AT7 € Yreg(T1) At € e(th) A tF € :(t5)},x, 1, 8)
| X € Yoar(X) At € v(2)} <

The partial ordering Econf of two abstract configurations follows naturally using Definition
3.12.

» Definition 4.19 (Partial ordering of two abstract configurations).

j—CNO’rLf Egonf ¢
¢ Ccong T cons
(T, pep,Fr, th, t2) | T € Thrd.}, %, I, 1) Conf
(T, pc'yp, ¥y, 87/ 1)) | T € Thrde}, %', 1, ')
<~
Xy X ATE, P AL= I’ A Thrd: = Thrde A
VT € Thrd: : (pcp = pcp NEq Ty Bp At Ty 85/ A 1% C 12)) <

» Lemma 4.20 (Monotonicity of Yeons). The function yeons : Conf — P(Conf) is monotone
with respect to Econf. Le., if ¢,¢ € Conf and ¢ Econf &, then Yeonf(€) € Yeons(€'). <

Proof. Assume that ¢, ¢’ € Conf such that ¢ Ewnf ¢ . Ife= conf or ¢ = Tconf, the lemma
holds trivially. Otherwise, assume that é = ({(T,pcp, &1, 5, t%) | T € Thrd:}, §,1, 1),
& = ({(T,pcp,¥p, 15/, 1%") | T € Thrdy}, &, 1', ') and that ¢ € Yeons(¢). Since & Econf c,
it must be that:

Thrd; = Thrds Al =1'A% Copar X ATE, A
VT € Thrd: : (pcp = pp ANEq Cop Bp At Ty B0/ A 1% C, 12)



Andreas Gustavsson, Jan Gustafsson, and Bjorn Lisper

The monotonicity of Yreg, V¢ and vy, implies that ¢ € veons(¢') as well. Thus, Yeons(¢) C
Yeonf(€') and the lemma holds.

A

Now, the concretisation function handling sets of abstract configurations (the actual
abstract domain for configurations), Ypcons : P(Conf) — P(Conf), is defined.

» Definition 4.21 (Concretisation of a set of abstract configurations).

Vpconf(é) = U{’Yconf(CN) | éeC} <
» Lemma 4.22 (Monotonicity of Ypeons). The concretisation function Ypcons : P(Conf) —
P(Conf) is monotone. <
Proof. Trivial, since vcons is monotone (Lemma 4.20) and U preserves monotonicity. <

The greatest lower bound operator for two abstract configurations Meopns follows naturally
using Definition 3.13.

» Definition 4.23 (Greatest lower bound for two abstract configurations).

édl:lconf —I—conf = —I—conf Illconf c= C:
édl_lconf J—conf :~ J—ionf I_Iconf c= J—conf _
{(T,pep,Tr, U, %) | T € Thrd:}, X, 1, ) Neons
(T, pcly, ¥, B/, 72') | T € Thrde }, %, 1, ¥) =

{(T, pep, B Cpeg By, 011, 17 if 1 =1’ A Thrd; = Thrdy A
i% " %%/ | T € Thrd.}, VT € Thrd; : pcp = pc'y
K Myar X, 1, 200 1)
J-conf otherwise <

The least upper bound operator for two abstract configurations Lo,y follows naturally
using Definition 3.14.

» Definition 4.24 (Least upper bound for two abstract configurations).

é|:|conf —:rconf = —:rconf Iilconf c= :rconf
é|—|conf J-conf :~ J-ionf |—|conf c=¢ _
({(T,pcp,Tr, th,t%) | T € Thrd:}, X, 1, ) Uong

{(T,pcy, Ty, 15/, 13") | T € Thrde }, %, 1, 1) =

(T, pep, B r Upeg ¥y, 04 0y 17, if 1 =1’ A Thrd; = Thrds A
%% Ly %‘%’ | T € Thrd;}, VT € Thrd; : pcp = pc'y
K Uyer €, 1,20, )
%conf otherwise <

Creating the abstraction function will require special care. This is due to the fact that

any set of concrete configurations cannot be collected in one single abstract configuration.

This is easy to see, e.g., by noticing that the program counters, pc, are used to determine
unique program points and can thus not be abstracted (several concrete program points
cannot be collected into one single abstract program point).

An abstraction function, acons : Conf — Conf, can be defined as:

» Definition 4.25 (Abstraction of one concrete configuration).

Ceonf(({(T, pcp,rr,th,t3) | T € Thrd},x,1,t)) =
(T, per, areg({rr}), ar({t7}), ar({t7})) | T € Thrd}, awer({x}),1, au({t})) <

23
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sT™( T, pc) ‘ {pc’, %', %', 1) ‘ Condition
[halt]” (pe, T, %, 1) —
[Skip]pc <pC + 17 f[‘7 i7 H> -

[r :=a)" (pc + 1,%[r — Ala]F], %, 1)
[load r from z]*°| (pc+ 1,%[r — READ(X, z, T, t)] %,1) -
[store r to z]* | (pc+ 1,T WRITE(T x,z,(f r,1)),1 —
[if b goto []P <pc+ 1, BR['b]F, %, 1) BR'OJE # Lyeg

[if b goto I]F° (1, BR[b]E, %, 1) BRID]E # Lyeg
[Lock lck]P® (pc, T, %, 1) owN(l lck) # T
[Lock lck]P® (pc + 1,8, %, 1[lck — (locked, T')]) OWN(L Ilck) =T
[unlock Ick]?® |{pc+ 1,F,x,1[lck — (unlocked, Linra)]) —
Figure 11 Semantics of abstract axiom transitions: (T, pe, T, %, 1, £)—> = —s(pc’, ¥, %', 1)

The abstraction function oycons : P(Conf) — P(Conf) is defined using Definition 3.15.

» Definition 4.26 (Abstraction of a set of concrete configurations).

Wpeont (C) = [YC | € S Ypeons (C)} <
» Theorem 4.27 (Galois connection). (@pcons : P(Conf) — P(Conf), ypcons : P(Conf) —
P(Conf)) is a Galois connection. <
Proof. Using Theorems 3.6, 3.7, 3.8, 3.9, 3.10, 3.11 and 3.25, the result follows. |

The abstract transition rule for axiom statements in Figure 11 is a safe approximation of
the rule in Figure 2, with respect to Definition 4.28.

» Definition 4.28 (Safety of abstract axiom transition relations). The transition relation —
is a safe abstract approximation of —, with respect to ~{i¥ and g7, iff:
vgza'rf : VC?;: € ,7373:( zn) Eco Hcout € Wout( out) (C HCout A C —>Cout) <

» Theorem 4.29 (Safety of ﬁ) —risa safe approximation of —, with respect to Definition
4.28. <

Proof. This proof will be conducted by showing for each defined transition that it is safe
according to Definition 4.28. Assume that ¢&* = (T, pc, ¥,%,1, t) and ¢% = (T, pe,1,x,1, 1),
such that cf? € v ().

~ax

1. Assume that sTM(T,pc) = [halt]Pe. ¢37, is chosen so that &y —¢0y,, ie., éon =
(pc,T,%,1). From the concrete semantics, it must be that Cin —Couts Where gl =
<pC,II“,X,ﬂ> ThUS Cout € 70ut(~git)'

2. Assume that sT™M(T,pc) = [skip]P®. ¢G5y, is chosen so that ¢f7—>¢dy,, ie., &5h, =
(pc + 1,F,%,1). From the concrete semantics, we have that Cin —Cout» Where cgi, =
<pC + 17E7X7]1>' Thus7 cg;t € ’yout( git)'

3. Assume that sT™M(T,pc) = [r := a]P®. Then ¢3j, is chosen so that &G7—¢gy,, ie.,

¢ = (pc+1,#[r — Afa]i],%,1). From the concrete semantics, we have that i —Cout>
where ¢, = (pc+ 1, r[r — Ala]r], x,1). Since A is a safe approximation of A and Vreg 18

monotone, cir, € v (&22

out)'
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VT € Thrdele : (TprT7i‘T7§{7 ﬂ/lvz%l>ﬁ<pclT7i‘/T7§{lT7ﬂlT>

{(T, pcp, 1, th,t%) | T € Thrd:},%,1 z)
(T, pcp, &7, 15" 1% | T € Thrd %11
where
i _ {ABSFINTIME (({(T,pep, Tr, T, 1%) | T € Thrde},%,1,1), T) if 7, 1% # 1,
] otherwise

t' = ar({tmin, tmaz }) where tyi, = min{min(y;({% +; t%’)) | T € Thrd;}

tmaz = min{max(y;(t% +. 7)) | T € Thrd:}
gaT +oin i TR0+ 1) £ L
tp otherwise
Thrde,e = {T € Thrd: | 1, 15 # 1}
& z) T=(EFrx) T

za/:

1" ick = ... (same as in Figure 4)
V' lck = ... (same as in Figure 4)
Figure 12 Semantics of abstract program transitions: (T's, %, I, t) (Ts 1,7

4. Assume that STM(T, pc) = [load r from x|P°. Then &%, is chosen so that ¢fy—>¢gy

out

ie., 6%, = (pc+1,F[r+— READ(X, z, T, 1)], %, 1). From the concrete semantics, c? " —Cou

out -

returns a safe value (Lemma 4.14), v € v, (READ(X, 7, T, ) and thus c2%, € 722, (&2

Cout)-

5. Assume that sTM(T, pc) = [store r to x|P. Then ¢, is chosen so that ¢iy—¢fy

out out’

¢, = (pc + 1,%, WRITE( T, X, x, (f 7,1)),1). From the concrete semantics, cy—Cou
where c{

and thus ¢, € 4% (¢%,).

Cout

6. Assume that STM(T, pc) = [if b goto ]P°. Then two possible cases must be considered.

a. In the first case, B[b]r = true. This means that cf7—cgy

out’

~ax
Now, €77, is chosen so that ¢ii— g,

Cout
case that Cout € Wout( Ngiztt)'
b. In the second case, B[bJr = false. This means that Cin —Coup, Where g,

(pe+1,r,x,1). Now, &7, is chosen so that €57 —>¢gh;, i

Since BR[!b]# is safe, 72%,(¢%%,) contains, at least, all cases where B[b]r = false.

Cout

Thus, it must be the case that ¢, € v27,(E%,).

Cout

7. Assume that STM(T, pc) = [Lock Ick]P¢. Then two possible cases must be considered.

a. In the first case, OWN(L Ick) # T. This means that cfy —cgy,, where g, = (pe, T, x,1).

Now, €37, is chosen so that ¢fF—cGy,, i.e., €3

out’ out

case that c4%, € v9%,(¢9%,).

b. In the second case, OWN(l ick) = T. This means that Cin —Cous, Where cgiy =

out»

(pc+ 1,1, x,1[lck — (locked, T)]). Now, ¢2%, is chosen so that ey =g,

~ax
out out? i €., C

(pc + 1,T, %, 1[lck — (locked, T)]). Thus, it must be the case that ¢%%, € v, (¢2%,).

Cout

8. Assume that STM(T, pc) = [unlock lck]P®. Then ¢, is chosen so that &y —¢gy

out out?

5(11
that c‘”—>c

%ut( 3it)

out» out

out?

out?
Where cony = (pc + Lrlr = o], x, 1), for {(v,t')} = Upernea((x2) T7). Smce ‘READ
ie.,

out»

ot = (pe+1,r,x[z— (x z)[T—{(r r,t)}]],1). Since WRITE returns a safe abstract
variable store (Lemma 4.13), x[z + (x 2)[T + {(r 7, t)}]] € Yoar (WRITE(T, X, 7, (£ 7, 1))),

where 2%, = (I, r,x,1).
ie., ¢2, = (I, BR[b]F,%,1). Since BR[b]F is

safe, y2Z,(¢22,) contains, at least, all cases where B[b]r = true. Thus, it must be the

L.e. Cout - <pc—|—1, BR[[!b]]]I',X, H>

= (pe, T, X, 1). Thus, it must be the

out —

ie.,

= (pc + 1,1,X,1[lck — (unlocked, Liprq)]). From the concrete semantics, we have
where ¢, = (pc + 1,r,x,1[lck — (unlocked, Liprq)]). Thus, ¢, €

25
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The abstract transition rule for program configurations in Figure 12 is an approximation
of the concrete rule in Figure 4. The abstract rule now defines a window in time, ¢, that
determines which threads are included in Thrd.,.. The window reaches from the earliest
point in time when some thread might update its pc, to the earliest point in time when some
pc must be updated. ABSFINTIME is assumed to be a safe approximation of FINTIME.

The abstract rule in Figure 12 is a safe approximation of the concrete rule in Figure
4 only if some certain conditions are met. It is safe given that |Thrd: = 1, or if a
load-, lock- or unlock-statement is not executed by any thread in Thrd.,.. This is easy
to see since if these conditions are met, the threads in Thrd.,. execute independently
from each other. If some thread in Thrd.,. would execute for example a load-statement,
dependencies are introduced between the threads, and the READ function could return a
value for which all possible writes have not been taken into account. Let’s assume that
Thrde,e = {11, Tz}, sSTM(T1, pep,) = [load r from x|P°Ti, STM( Ty, pep,) = [skip]’™2
and STM( T3, pcp, + 1) = [store 7’ to x]P°r2T! When a transition occurs, the load- and
skip-statements are considered. However, if the execution time of the store-statement (the
abstract “point” in time when the thread’s pc is updated) overlaps with the execution time
of the load-statement, the resulting value of r in Ty should be affected by the value of 7’ in
T, but this will not be the case. A similar reasoning holds for lock- and unlock-statements.

4.3 Analysis by Abstract Execution

Since the abstract transition rule, —, of Figure 12 is not safe, one cannot simply use
fixpoint-iterations [5, 10] on the abstract semantic rules to find a safe approximation to the
concrete program semantics. Instead, a worklist algorithm will be defined that uses ﬁ in
a safe way and handles the unsafe cases explicitly. The function ABSTRACTEXECUTION in
Algorithm 4.9 defines such an algorithm; the ‘Q’ symbol is used for denoting two ways of
expressing the same thing (c.f., the “read as” operator in Haskell). Given a configuration,
¢, and a timeout, #,, the function explores all the possible abstract transitions, until only
final (all threads are standing on a halt-statement) and timed-out (all threads will update
their pc:s at a point in time succeeding %to) configurations remain. The function returns
a set containing all the final and timed-out configurations. If a configuration is not final
or timed-out, a transition will be performed. The threads executing load-statements are
extracted and handled separately. This is done by recursively using ABSTRACTEXECUTION
for each such thread to simulate how the rest of the threads in the configuration can affect the
read value. When the effects have been derived, they are merged and put in the target register
for the thread that issues the load-statement. Next, a new configuration, in which the load:s
have been performed, is added to the worklist. TRIM, defined in Algorithm 4.10, is used to
safely remove parts of the history from X that cannot affect a load-statement in any thread
at time # or in the future. This is to lower the space complexity of ABSTRACTEXECUTION.
Note that SPLITSET, as defined in Algorithm 4.11, is used to split a set of writes into two
parts where the first part contains all writes that overlap in time with the given time, and
the second part contains all other writes.

» Lemma 4.30 (Safety of TRIM). If X contains safe write history at time t (see Definition
4.11), then so does TRIM(X, t). <

Proof. Given that X is safe, it must be shown that, for any variable z and any thread T,
((TRIM(%, ) ) T) contains at least

1. all writes, (9, ), of ((% ) T) such that ¢ <; ¢/,

2. all the writes, (9, %), of ((X ) T) such that ¢F, # # 1, and
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Algorithm 4.9 Abstract Execution

1: function ABSTRACTEXECUTION(E, ;o)
2: workset < {¢}
3: finalset < 0
4: repeat
5: eQ({(T,pcy,tr, tr, t3) | T € Thrds},%,1, ) + CHOOSE(workset)
6: workset < workset \ {é}
7: if ISTIMEOUT(G, 1) V ISFINAL(E) then
8: finalset < finalset U {¢}
9: else
10: Thrdicas  LOADTHRD(E)
11: if Thrdicas # @ A |Thrds| > 1 then
12: for all T’ € Thrdica do
13: 1" + ABSFINTIME(E, T")
14: x < GETVARLOAD(STM(T", pcy1))
15: 7 < GETREGLOAD(STM(T", pc 1))
16: b Loa
17: &« {(T,pcp,¥7,t7,t%) | T € Thrd:\ {T'}},%,1, %)
18: C, < ABSTRACTEXECUTION(&, (T3 4+ ¥5") Pt Tro)
19: for all (Ts,%',1,7) € C}, do
20: ¥ < 0 Upat READ(&X, v, T, 1% +4 15")
21: end for
22: pCr < peqs + 1
. 0 if r =1
23: T T # '  otherwise
24: end for
25: &« {(T,pcy,¥r,t7,t3) | T € Thrd: \ Thrdica} U
{( T, pC/T, ﬁl/T7 ~T/7 ~c7Lw “+¢ z;/) ‘ T e Thrdload}, )~K, H7 Z)
26: workset < workset U {¢'}
27: else_
28: C (¢ | =)
29: C’ + {(Ts, TRIM(X, 1),1,7) | (Ts, %,1,%) € C}
30: workset + workset U C’
31: end if
32: end if
33: until workset = ()
34: return finalset

35: end function
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Algorithm 4.10 Trim Variable Store

1: function TRIM(X, ?)

2 for all x € Var do

3 for all T € Thrd do

4: FUTURE7 + {(3,) € (R 2) T |t < '}

5: (OL7, NOL7) + SPLITSET((X z) T, 1)

6 (&' z) T) < NOLr \ FUTURE r

7 end for

8 birw +— MOSTRECENTWRITETIME(X' )

9: for all T € Thrd do
10: bmrwy < MOSTRECENTWRITETIMETHREAD(OL’;)
11: Wr « {(0,1) € (& z) T) | max(7:(%)) = max (¢ (Emrwy)) A bmrw [ by # Lt}
12: ((}i// :C) T) <~ FUTURE+U OL7TUWp
13: end for
14: end for
15: return <"

16: end function

Algorithm 4.11 Split Set of Writes

1: function SPLITSET(set, f)

2: OL + {(5,7) | (8,7) € set NTM T # 14}
3: NOL + {(’lN),ZI) | (f],?) € set /\Zﬁt Z, = it}
4: return (OL, NOL)

5: end function

3. the latest (most recent) write, (,%'), such that ¢’ <; t.

For 1, it is easy to see that, for each variable and each thread, all future writes, i.e.,
writes, (9, '), such that ¢ <; ¢, are included in the resulting abstract variable store. These
writes are included in the set FUTURE 7.

For 2, it is easy to see that for each variable and each thread, all writes (%, ') such that
et #* lt are included in the resulting abstract variable store. These writes are included
in the set OL .

For 3, it is easy to see that the latest (most recent) write for each thread and variable
among the writes in NOLp \ FUTURE r, i.e., the writes not included in OLy or FUTURE,
also are included in the resulting abstract variable store. These writes are included in the set
W. <

CHOOSE returns one of the elements in the given non-empty set. ISFINAL, ISTIMEOUT,
LOADTHRD, GETVARLOAD and GETREGLOAD are defined in Algorithm 4.12, 4.13, 4.14, 4.16
and 4.17, respectively. Note that EXETHRD is defined in Algorithm 4.15. ABSTRACTEXECU-
TION cannot, yet, safely analyse programs acting on locks. The algorithm will be extended
with this ability (see Section 6).

Algorithm 4.12 Final Configuration

1: function SFINAL({({(T, pcy, &7, 5, t%) | T € Thrd:},%,1,1))
2: return VT € Thrd: : sTM(T, pc ) = [halt]?°T
3: end function

To derive the BCET and WCET of a program given an initial system state, ANALYSIS,
defined in Algorithm 4.18, can be used. Note that LOCKS, defined in Algorithm 4.19,
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Algorithm 4.13 Timeout

function 1sTiMEOUT(éQ({(T, pcy, T, tr,1%) | T € Thrd:},x,1, 1), t0)
for all T € Thrd: do B

L ABSFINTIME(E, T) if 157, & # 1,

T . otherwise

return VT € Thrd; : (STM(T7 pCT) 75 [halt}ch = ‘i‘to %t (%% +¢ %9/))

1:
2:
3
4: end for
5
6: end function

Algorithm 4.14 Find Threads with Load

1: function LOADTHRD(¢Q({(T, pcy, Tr, by, 13) | T € Thrd:},%,1, 1))

2: Thrde;. ¢ EXETHRD(¢)
3: Thrdicas {7 € Thrdeze | Ir € Regp,z € Var:

STM(T, pcy) = [load r from x]"°7}
4: return Thrdig.g

5: end function

Algorithm 4.15 Find Threads to Execute

1: function EXETHRD(EQ({(T, pcp,Tr, iy, 15) | T € Thrde}, §,1, 7))
2: for all T € Thrd; do

"y ABSFINTIME(E, T)  if 17,15 # L,
3: tr S~ .
tr otherwise
4: tmin < min{min(y,(#4 +; #3")) | T € Thrd:}
5: tmaz  min{max(v,(% +;#3')) | T € Thrd:}
6: EI — at({tmin7 t’mu.z})
~a/ 13ty A U0 (17 e 17) # L
7 t7" <9 e .
tr otherwise
8: end for

9:  Thrdege < {T € Thrd: | ¥ 1, 13/ # 1}
10: return Thrd...
11: end function

Algorithm 4.16 Get Variable in Load

1: function GETVARLOAD([load r from z]')
2: return z
3: end function

Algorithm 4.17 Get Register in Load

1: function GETREGLOAD([load r from x]')
2: return r
3: end function

29
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Algorithm 4.18 BCET/WCET Analysis

1: procedure ANALYSIS(¢)

2 if Locks(¢) # (0 then

3 BCET <0

4 WCET +

5: else

6: finals < ABSTRACTEXECUTION(é, ({0, 00}))
7

8

9

BCET 4 oo
WCET + —c0
: while finals # 0 do
10: cQ{{(T,pcp, T, 7, 13) | T € Thrd},k,1,7) < CHOOSE( finals)
11: finals < finals\ {¢}
12: BCET; + max({min(y;(#%)) | T € Thrd})
13: WCOET ¢ + max({max(v:(t3)) | T € Thrd})
14: if BCET > BCET; then
15: BCET <+ BCET:
16: end if
17: if WCET < WCET; then
18: WCET <+ WCET ¢
19: end if
20: end while
21: end if

22: end procedure

Algorithm 4.19 Get a Set of All Locks Used by the Program

1: function rocks(({(T,pcy, 1, tp, t%) | T € Thrd}, %,1, 1))
2 Lek + 0

3 for all (s, N) € Thrd do

4 for all pc € LABELS(s) do

5: if sT™M((s, N), pc) = [Lock Ick]” then

6 Lck < Lek U {ick}

7 end if

8: end for

9: end for

10: end function
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returns a set of all locks used by the program and that ANALYSIS evaluates the BCET to
0 and WCET to oo if this set is non-empty since ABSTRACTEXECUTION cannot be used to
analyse programs acting on locks. However, if the program only issues unlock-statements,
ABSTRACTEXECUTION can be safely used since this does not imply any synchronisation of
the threads in the program.

Since the algorithms will be extended to handle programs acting on locks, full proofs of
the correctness of the presented algorithms will not be provided. However, sketches for these
proofs follow.

» Lemma 4.31 (ﬁ is used in a safe way). ﬁ is used by ABSTRACTEXECUTION in a safe

way. <

Proof sketch. The structure of the algorithm is such that whenever |Thrd;:| > 1 and a load-
statement is encountered, it is handled explicitly by the algorithm. Only when |Thrd;| = 1,
ﬁ is used to handle the load-statement. Thus, the use of ﬁ is safe. |

» Lemma 4.32 (Safety of load-statements). A load-statement in some thread will see (at
least) all the possible values of the read variable that are valid at the read-time, 1@+, 1",
given that the variable store contains safe write history (Definition 4.11) at * +, 1. <

Proof sketch. When a load-statement is handled explicitly by the algorithm, the thread
executing the load-statement is “removed” from the configuration and all effects from the
other threads that might occur before t* +,¢"/ expires are evaluated before reading the
variable. When reading the variable, READ is used. Since READ is safe (Lemma 4.14) and the
least upper bound of the read values are put in the register, the handling of load-statements
is safe. |

» Theorem 4.33 (Safety of ABSTRACTEXECUTION). Assuming that ABSFINTIME is a safe
approzrimation of FINTIME, ABSTRACTEXECUTION can be used to calculate a safe approxi-
mation of the execution-result of a program. |

Proof sketch. The algorithm calculates all the possible resulting abstract configurations given
an initial configuration, using ﬁ or explicitly whenever a load-statement is encountered.

The resulting configurations are then added to a “work list” and later evaluated in the same
way. When the work list is empty, i.e., all configurations are in a final or timed-out state,
the algorithm returns. Thus, all possible executions are taken into account and since ﬁ is

used in a safe way (Lemma 4.31) and the handling of 1load-statements is safe (Lemma 4.32),
the result of executing a program is safely approximated. |

» Theorem 4.34 (Safety of ANALYSIS). ANALYSIS is safe, i.e., the calculated BCET and
WCET are safe bounds on the concrete BCET and WCET, respectively. <

Proof sketch. Since ABSTRACTEXECUTION, which is safe (Theorem 4.33), is used to calculate
all the possible resulting configurations from executing a program, and ANALYSIS simply
extracts the BCET and WCET from these configurations, ANALYSIS is safe. |

5 Example

In this section, the program in Figure 13 is analysed (the results of ABSFINTIME are given
after the statements). Initially, let ¢ = ({(7T1,1,%1,,[0,0],[0,0]),(T2,1,%1,,[0,0],[0,0]),
(T5,1,771,,[0,0],[0,0)},%,1,[0,0]), where t7, r = [2,4], (X x) T2) = ((X x) T3) = () and
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thread T_1: thread T_2: thread T_3:

[load r from x]1;[1,5] [load r from yl]1;[1,6] [if r<=3 goto 3]1;[1,3]
[store r to yl12;[1,3] [store r to z]12;[2,3] [store r to x12;[2,3]
[halt]3 [halt]3 [halt]3

Figure 13 Example program.

(E%) T) = {([L1,[0,0)}, (£y) T1) = (R y) To) = 0 and (% y) Ts) = {([5,5], 0. 0])},
and ((x z) Tz) = 0, is analysed. ABSTRACTEXECUTION(¢, [0, 00]) is summarised in Figure
14.

The tuples in the chart represent program points, defined as (pcr, , pcr,, pcr,). As can
be seen, for (1,1,1), T} and T both execute a load-statement. This means that two new
instances of ABSTRACTEXECUTION are created, one for each thread in Thrdi,.,q. Within
each of these instances, a new instance is created since one other thread also executes a
load-statement. A ‘_’ within the tuple indicates that the corresponding thread is removed
from the configuration to evaluate the effects it might see. Next to each tuple and transition
arrow, there is a comment stating what happens at the corresponding step. The found
bounds on the BCET and WCET are 3 and 9, respectively. Note that ABSFINTIME is
assumed to be defined somewhere outside the scope of this paper.

6 Discussion & Future Work

The algorithm in Algorithm 4.9 is based on synchronously advancing the threads of a program
between their respective program points. This, together with the defined abstract domain for
variables, has the advantage that the analysis result will be the same as for the sequential case
[7], when P = T. Another advantage is that the complexity of the algorithm becomes more
dependent on the number of program points than on the timing behaviour of the program.
To further reduce the time complexity of the algorithm, merging of configurations could be
performed. Using the control flow graph (CFG) of the program, suitable merge-points within
each thread can be found [6]. Typically, such points have multiple incoming edges.

A drawback for the algorithm in Algorithm 4.9 is that termination is not guaranteed if a
program consists of infinite loops. This could be resolved by adjusting the initial timeout,
though.

Our current focus is to extend the algorithm to support programs using locks and then to
implement and evaluate it. Allowing the use of locks introduces a risk for deadlocks (both in
the analysed program and thus the algorithm). However, deadlocks could easily be detected
and handled by the algorithm, because all threads, not standing on a halt-statement, would
be waiting to acquire a lock that is locked and not owned by themselves. Thus, this detection
allows termination of the analysis (with a resulting WCET of oo) even if deadlocks occur.
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ABSTRACTEXECUTION(é, [0, 0o])
(1,1,1)  Thrdicas = {T1, T}, t7, = [1,5], t7, = [1,6], tp, = [1,3]

ABSTRACTEXECUTION(é1, [1, 5])
(_,1,1)  Thrdica = { T2}, t7, = [1,6], ¢, = [1, 3]

ABSTRACTEXECUTION(¢1.2, [1, 5])
<7, . 1> Thrdload = @

e Fry T [2,3] (BR[r <= 3] 7y # Lreg)
L(,_,3) final (%, = [1,3]), no effects
. Fr, T [4,4], 8%, < [1,3] (BR[! (r <= 3)]Fr; # Lreg)
(_,_,2) Thrdia = 0,7, = [2,3]
e ((% %) Ts) < {([4,4],[3,6])}
(., ,3) final (%, = [3,6]), x affected
i} fr, T + [5,5] (no effects on y from T3), {5, < [1,6]
<77 2, 1> Thrdic.s = @7 ;59‘2 = [27 3]7 zg‘g = [17 3]
J1 Enre 23 2) T) < (5,589}
1(,3,3) final (%, = [3,9], {4, = [1,3]), z affected ) )
p Fry ¢ [4,4], (% 2) T2) < {([5,5], [3, 9}, t7, < [3,9], b, < [1,3]
<7, 35 2> Thrdload - @, t§~3 = [2, 3]
L (G®) ) e ((4,4),[3,0))
(,3,3) final (17, = [3,9], t7, = [3,6]), x and z affected

ABSTRACTEXECUTION(é2, [1, 6])
(1,_,1) Thrdiaa = {11}, tp, = [1,5], ¢, = [1,3]

ABSTRACTEXECUTION(¢2.1, [1, 5])
<7, . 1> Thrdload = @

el Ty T 4 2,3]
1(,_,3) final (%, = [1,3]), no effects
N\ Fry T [4,4], 1%, « [1,3]

(_,_,2) Thrdiea =0, %TS =1[2,3]
4 ((x X)~T3) = {([474}7[376})}
(., ,3) final (¢t7, = [3,6]), x affected

3 fr, T < [1,4] (effects on x from T3), t5, < [1,5]
(2,_,1)  Thrdiea = 0,7, = [1,3], %7, = [1,3]
Y Ty r f_ [273}7 ((X~{~Y) Tl) A {([174]7 [2’8])}7
1(3,_,3) final (t7, = [2,8],t7, = [1,3]), y affected } )
N Fry T [4,4], (& y) Tv) < {([1,4],[2,8])}, 17, < [2,8], 17, < [1,3]
<37—7 2> Thrdload = @, tTTs = [2, 3]
L (&0 ) (4,4, 3.6))
(3, ,3) final (t7, = [2,8],t7, = [3,6]), x and y affected
1 (T1 sees effects on x and z, and T sees effects on x and y.)
il fr, v« [1,4],Fn, r+ [1,5], 8%, « [1,5], 5, < [1,6]
(2,2,1) Thrdica = @;%"1 = [173]7?%2 = [273]72%3 =[1,3]
v Fry 4 [2,3, (& y) Tv) « {([1,4],[2,8])}, (& 2) T2) - {([1,5],[3,9])}
1(3,3,3) final (t7, = [2,8],t7, = [3,9], t7, = [L,3]), y and z affected
\4 iﬂTa < [47 4}>~((§{ Y) Tl) «— {([1’4]7 [218])}7 ((5{ Z) T2) A {([175]7 [379])}
(3,3,2)  Thrdiea = 0,7, = [2,3]
L (Ew) T {(4,4,3,6))
(3,3,3) final (t7, = [2,8],t7, = [3,9], t7, = [3,6]), x, y and z affected

Figure 14 The steps taken by ABSTRACTEXECUTION when analysing the program in Figure 13.
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