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Abstract. Data parallelism is often seen as a form of explicit paral-
lelism for SIMD and vector machines, and data parallel programming as
an explicit programming paradigm for these architectures. Data paral-
lel languages possess certain software qualities as well, which justifies
their use in higher level programming and specification closer to the al-
gorithm domain. Thus, it is interesting to study how the data parallel
paradigm can be best realized in a declarative setting, since declarative
languages offer a pure view of computation which is good for these pur-
poses. For numerical computing the functional programming paradigm
is especially attractive, since numerical algorithms often are specified by
recursion equations and thus can be translated more or less directly into
recursive functional programs. Merging the data parallel and functional
paradigms then yields languages and formalisms where many algorithms
can be expressed in a very succinct fashion. In this paper we review
data parallelism, functional programming, and existing approaches to
the integration of the two paradigms. We then proceed to describe a for-
malism for data parallel functional programming, allowing very simple
languages, where the view of aggregate data is particularly abstract. We
explain how various data parallel operations can be expressed in this
formalism. Finally, we conclude with a discussion of issues for languages
based directly on the formalism.

1 Introduction

This paper gives a review of a novel abstract programming formalism [28, 29].
The source of inspiration is the data parallel paradigm and its view of aggregate
data, which often makes it possible to write very clear and succinct data parallel
programs for certain applications. The main objective has been to generalize
current data parallel constructs, thereby making the data parallel programming
style applicable to a wider class of applications, and to give a more abstract view
of aggregate data, thereby making the programming model less tied to certain
choices of data representations and hardware architectures. The motivation for
this is the observation that different existing data parallel languages and for-
malisms use different carriers of parallel data, yet they clearly share a common
set of concepts. Our desire has been to find a formalism where this “essence of
data parallelism” is present in its most pure form.

Another objective has been to support a simple programming model, both
with respect to language constructs (a small number of primitives should suffice)
and semantics, to pave the way for languages which are easy to understand and



use. Furthermore, we would like these languages to have all the good features of
modern programming languages which make it possible to write safe, modular,
and reusable code.

Apparently, it is then interesting to study how data parallelism can be in-
tegrated with declarative languages, since these languages offer the most ab-
stract and semantically clean programming models. In particular, the func-
tional paradigm 1s interesting, since pure functional programs have a very sim-
ple abstract semantics, since they can provide excellent support for modularity,
reusability and safety, and since it turns out that the abstract formulations of
many computational algorithms are very close to functional programs.

It turns out that an abstract formalism for aggregate data can be based
directly on the functional paradigm. The result is a very simple formalism for
aggregate data which is based on the view that data structures really represent
partial functions. The formalism has at least three different uses:

— to give semantics to existing parallel data types and operations on them,

— as a formal framework where certain algebraic laws, which can be used to
transform programs and data, can be proved,

— as a direct basis for novel data parallel programming languages.

We will treat all these three aspects in this paper. But let us first give some
background:

2 Data Parallelism

Data parallelism usually refers to the kind of parallelism where operations are
carried out in parallel over collections of data: see also [10] for a similar discussion
of the topic. This kind of parallelism is conceptually simple and deterministic
(i.e., computing with the same inputs will always yield the same result), in
contrast to process parallelism where asynchronous updates of common data
can give rise to nondeterminism (the result of a computation will depend also on
factors outside the program control, such as relative timing between processes.)

The data parallel paradigm first arose as a form of explicit parallelism for
SIMD machines. Some data parallel production languages for SIMD machines,
e.g., C* and *Lisp for the Connection Machine [54, 55], reflect the underlying
architecture quite closely. It was, however, soon discovered that data parallelism
also possesses certain software qualities: the use of operations on aggregate data
can often yield very succinct programs for applications where such data are
extensively handled. This makes data parallel programming very apt for large
scale computing applications, where large data sets are handled in an often
quite uniform fashion. The deterministic nature of data parallelism is another
advantage, since deterministic programs are easier to understand and debug but
also since the algorithms being used in computing applications most often are
deterministic. Therefore, data parallel languages make it possible to program
closer to the algorithm domain.

What are data parallel operations like, then? They can roughly be classified
in five groups.



2.1 Elementwise Applied Operations

These data parallel operations apply a “scalar” operation f to every element a
in a data collection A. That is, the resulting data collection will consist of the
elements f(a), where a belongs to A. See Fig. 1.
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Fig.1. A elementwise applied operation f.

Fig. 1 suggests that data parallel entities could be seen as sets, or multisets
(to allow several occurrences of the same datum). For unary operations f being
elementwise applied, this view can indeed be adequate. However, one often wants
to apply operations, which take several arguments, elementwise, like adding two
data collections elementwise. The operational view is then that the data collec-
tions all are distributed over some parallel machine, with one element each per
processor, and each processor will apply the scalar operation to its respective
local elements of the data collections. For instance, if two data collections A and
B are to be elementwise added, then each processor will add its local elements of
A and B. This implies that data collections must be seen as indexed structures,
where the indexing indicates how individual elements are to be combined. Un-
structured collections such as sets or multisets do not provide the information
necessary to do this. Thus, we will from now on consider data collections to
be indexed over some (more or less abstract) set of locations, and we let A(%)
denote the element residing at the location ¢ of the data collection A. From now
on, in analogy with the terminology in physics, we will refer to these indexed
collections as data fields (as in the language Crystal [17]). The index set of a
data field is the set of locations where it is defined.

What about program notation for elementwise applied operations? There
are several possibilities. The notation closest to an actual implementation is to
assume a syntactically distinct parallel operation for each “scalar” operation be-
ing elementwise applied. For instance, if p_add adds two data fields elementwise,
then

C = p_add(A, B)

assigns the elementwise sum of the data fields A and B to C'. This kind of
operation is used in *Lisp [55] for the Connection Machine, where elementwise
addition 1s denoted “+!!”. It is often more convenient to overload the scalar
operation, viz.:

C=A+1B



Array languages like Fortran 90 [11] provide this kind of overloading. This as-
sumes some kind of typing of A and B, such that the overloading really can be
resolved. This kind of overloaded syntax is also common in mathematical texts
on, e.g., linear algebra, and should thus be familiar to many programmers.

A third form of notation “quantifies” over the index set, in order to explicitly
mention each of the individual, “scalar”, elements of the data fields involved:

Forall i C(i) := A(%) + B(4)

Here, as well as in he other two cases; the index set is implicitly given and
¢ ranges over that set. It is common that ¢ is given an explicit range, e.g., if
the locations are integers, “Forall ¢ in 1..N ...”. High Performance Fortran
(HPT) [30] provides FORALL statements with range.

2.2 Communication Operations

The second main group of data parallel operations concern communication. Get
communication, or parallel (concurrent) read, lets each location ¢ concurrently
read an element of some data field A at location source(i). Here, source is some
total function from locations to locations. See Fig. 2 for an example, where
source(a) = e, source(b) = a, source(c) = b, source(d) = d, source(e) = d,

and source(f) = d.
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Fig.2. Get communication. Each location has exactly one source.

Get communication can be expressed in the same three ways as above: using
an explicit operation, say, p_get,

B = p_get(A, source),
or, with overloaded syntax,
B := A(source),
or, with “Forall”,
Forall i B(i) := A(source(?)).

The other main communication operation is send communication, where each
location ¢ concurrently sends its element of the data field A to the location
dest(i), where it possibly is received into the local element of the data field B.



Send communication can thus be seen as having side effect, and is then really a
special case of concurrent write in the PRAM model of parallel computing. See
Fig 3. The syntax, assuming a procedure p_send modifying its first argument,
can be:

p_send(A, dest, B),

with overloaded syntax:
B(dest) := A,

and, with “Forall”,
Forall i B(dest(i)) := A(7).

If dest(i) = dest(j) for some distinct locations ¢, j, then there is a write
conflict. As in the CRCW PRAM model, this conflict can be resolved in various
ways, e.g., let the result be nondeterministically chosen among the values, abort
with error, or in some way combine (typically reduce, see Section 2.5) the ele-
ments being sent to the same address. For instance, if the elements are integers,
then they can be added. This is sometimes referred to as combining send.
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Fig. 3. Send communication. Each location has exactly one destination. Certain loca-
tions may not be targets of any sending locations (receiving “undef”): for send with
side effect, the destination data field is not touched in these locations.

2.3 Replication

It is common to have shorthand notations for data fields filled with copies of a
single scalar. For instance, the functional array language Sisal [24] has an oper-
ation array_£ill that creates an array where each element is a copy of a given
scalar. In languages with overloading of elementwise applied scalar operations,
the following syntax is often allowed:

C=A+17

If A is a data field, then each C'(¢) is assigned A(¢)+17. This can be seen as a two-
step operation where first a data field with the same index set as A, filled with
the scalar 17, is created, and then these data fields are elementwise added. This
automatic replication of a scalar into a data field is sometimes called promotion.



Replication can be seen as broadcast communication: if the resulting data
field is distributed among a number of processors, then the scalar must indeed
be broadcast to them.

Array languages often support the replication of arrays into arrays of higher
dimensions, e.g., replicating a vector into a matrix with copies of the vector as
columns.
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Fig. 4. Restriction to mask out locations with negative value in order to change their
sign.

2.4 Restriction

This kind of operation applies a boolean data field elementwise, as a “mask”,
in order to restrict the number of “active” locations. The restriction operation
creates a local environment, where some locations are “turned off”, and data
parallel operations within this environment take place only in the active loca-
tions. A possible syntax is “Where mask do statement’, e.g., (using overloaded
syntax),

Where A< 0 do A:=—-A

which effectively sets every element of A to its absolute value. Fig. 4 provides
an illustration.

2.5 Reductions

This is a group of operations which compute some scalar value as a function of
the elements of a data field. Thus, they in general involve both communication
and arithmetics, since information must be gathered from different locations.
Usually, the function is composed of some repeatedly applied binary operation.
An example of a reduction is computing the sum of all elements in a data field,
which is an operation formed from repeated addition: see Fig. 5.

If the binary operation is associative, then the reduction can be performed
according to a balanced binary expression tree, with height logarithmic in the
number of scalar operations performed. Unless the operation is also commu-
tative, the reduction needs to be performed according to a fixed order on the
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Fig.5. Summing all elements in a data field.

locations in order to be well-defined. This order can be given either implicitly,
e.g., by the less-than order if the locations are integers, or explicitly as an argu-
ment to the reduction, e.g., as a function from integers to locations enumerating
the locations. The former case is by far the most frequent.

Very related are the scan (or parallel prefiz) operations [32]. They compute
all partial reductions over a data field with respect to some binary operation. The
result is a data field over the same index set as the original field. For instance,
if A is a data field indexed over 1..n, then, after executing B := scan(4,+), we
should have B(7) = 23:1 A(j) for all ¢ between 1 and n.

The scan operation requires an ordering on the locations in order to be well-
defined, even when the binary operation is associative and commutative.

2.6 Index Sets

Machine-oriented data parallel languages have data fields defined over a global
index set, which then invariably have the processor addresses of the machine
as locations. This makes it simple for a compiler to distribute data fields onto
the machine, and the language can be used as a means for accurate low-level
programming for that machine. A global index set also makes it possible, in the
presence of a restriction operation, to have a global state of “currently active
locations”. This state can often be implemented very directly on SIMD machines
as a boolean mask of local context flags deciding, for each processor, whether it
should participate in the operations or not.

Being confined to a global global index set can be very restraining, however.
Rather, one would like to associate an individual index set with every data field.
This is the model supported by array languages like Fortran 90 and HPF. It
makes it possible to have coexisting data fields of different type (e.g., vectors,
matrices) or of the same type but with different ranges. Thus, algorithms deal-
ing with such entitites can be modeled more closely. However, some semantical
complications now arise:

— For restrictions, the mask must range over the locations of the data fields
used inside the restriction. For instance, if A is an array and B is a matrix,
then it does not make sense to write Where A <0 do B := —B.



— The semantics of certain operations can become unclear. Consider, for in-
stance, the elementwise addition C' := A+ B of two arrays A, B. The ranges
of A and B may now well be different, say, 1.n — 1 for A and 1..n for B
(they are non-conformant in the Fortran 90 terminology, since they have dif-
ferent length). What, then, is the range of C, 1..n— 1 or 1..n? What should
the value of C(n) be, if defined? Should A be padded with a zero to give
it the same range as B before adding them? What, then, if we instead of
adding the arrays want to apply a binary operation elementwise which has
no identity element? Should, perhaps, addition of non-conformant arrays like
A and B be disallowed and result in a runtime error? If we, instead, change
the range of B to 2..n, should the arrays now be considered conformant, as
in Fortran 90, and an implicit shift of B take place before performing the
addition? Or should we rather take the “data parallel” view, where really

C(7) = A(%) + B(i) when defined?

Resolving these semantical issues in a natural and general way was one of the
initial goals of our work. This led to the abstract model of data fields presented
in Section 5.

3 Functional Languages

Functional languages [34] are a class of declarative languages usually considered
to have the following properties:

— No side effects, no destructive updates.

— Program control is only through nonstrict operators (see below) and recur-
sion.

— A program is a function definition (possibly recursive).

— Computations are triggered by demanding the result of evaluating some
expression (which may contain calls to user-defined functions).

Another way to formulate the “no side effect” condition is that functional
languages hide the handling of memory completely, whereas imperative lan-
guages, through side effects, give the programmer explicit control over where
and when a certain value is to reside in memory. Thus, a functional program is
typically less specific about the ordering of computations and is usually easier
to parallelize than its imperative counterpart, since there are no memory-carried
dependences. For this reason, functional programming has been put forward as
a suitable paradigm for implicit parallel programming. On the other hand, the
memory handling can be a major source of inefficiency, as well as the more so-
phisticated mechanisms necessary to handle recursion as compared to iteration.
These effects can well negate the gains from the increased parallelism. (It is in-
teresting to note, though, that advanced parallelizing compilers for imperative
programs do use the essentially functional single-assignment format internally
in order to enhance the parallelization. Thus, 1t seems like there is some com-
mon ground to be explored between parallelizing compilers for functional and
imperative programs.)



However, functional languages have other interesting properties. They are
deterministic, since function definitions really do implement functions in the
mathematical sense. It is often simple to define strong type systems for functional
languages. These systems make it easier to write correct programs since they
provide a kind of compile-time error checking w.r.t. the proper use of data,
and they can also make it possible to generate more efficient code due to the
type information. Finally, functional languages can be given a simple, abstract
semantics. This makes it easier to reason about programs and understand them.

Type systems for functional languages normally have function types, i.e.,1f «,
[ are types, then o« — 3 is the type of functions which take an argument of type
« and return a value of type 8. A natural step is to allow « and 3 to be function
types themselves. We then obtain a higher order functional language, where
functions are considered values and can be passed around just like any other data.
Lambda abstractions, from the formal A-calculus [4], define nameless expressions
of function type, and they constitute “function typed values”. They have the
form Awx.e, where z, a variable, is “formal parameter” and e, an expression, is
the “function body”. If # has type « and e type 8 then Azx.e has type a — [3,
and it can be applied to any expression e’ of type «. For instance, Az.(z + 1) is
a nameless version of the function f(z) = + 1.

An expression e of type o — [ can be given a meaning [e] as a mathematical
function [a] — [8], where [o] and [3] are interpretations of the types «, 8
as complete partial orders (c.p.o.’s, see, for instance, [42]). A c.p.o. contains a
least element, which is not a computable value but rather represents divergence
or “complete lack of information”. If f is a recursively defined function, then
f(z) = L usually means that the computation of f(z) does not terminate (which
is truly lack of information, since no result is ever delivered).

An n-ary function f is strict in argument ¢ if f(... 2;_1, L, 2541,...) = L
for alla possible values of z;, j # ¢ (i.e., given a nonterminating i:th argu-
ment, its evaluation will not terminate). Otherwise it is nonstrict in argument i.
Arithmetical operations are usually strict in all their arguments. The if-function,

defined by

ifitrue, x,y) = x
ififalse,z,y) =y
L,z y)=1

is strict in its first argument but not in its second (since if{false, L, y) = y) and
third.

Functional languages differ in how they treat arguments to user-defined func-
tions. Most languages use eager evaluation (or call by value), meaning that the
arguments are fully evaluated before the function call takes place. In such lan-
guages, user-defined functions are always strict in all their arguments. Some
languages use a more complicated strategy known as lazy evaluation (or call by
need), where the evaluation of an argument is deferred until its value is actually
needed. In lazy languages, user-defined functions can be nonstrict in some argu-
ments. Lazy languages offer the possibility to use infinite data structures, e.g.,



streams. They also have a theoretical advantage in that they have a very simple
abstract semantics. But they require elaborate parameter passing mechanisms,
which can be costly.

Every recursive function definition f(#) = E can be seen as an equation. In-
deed, one can say that functional programming is programming with equations.
Functional languages have found their use mostly in highly symbolic computing,
like in compilers, interpreters, or theorem provers. There are several reasons for
this. For one, this kind of computation typically involves complex data struc-
tures, and many functional languages offer excellent support for this in the form
of abstract data types, i.e., data types specified by axioms. For instance, lists can
be specified as terms built out of the “constructors” nil (empty list) and “::”
(“cons”), and the decomposing functions head and tail can be specified by the
equations

head(z::L) =
tail(z::L) =1L

Equational axioms like this fit very well into the functional paradigm and can
often be directed into computation rules right away.

However, computations involving complex data structures are not the only
ones naturally specified by equations. Another area is numerical computing,
where the algorithms often are specified by recursion equations which can be
interpreted more or less directly as functional programs. But functional pro-
gramming has not catched on for this class of computations. Again, there are
several reasons: performance problems (despite simpler parallelization) and un-
familiarity among programmers are two of them. Another, more subtle reason is
that convenient programming for numerical computing often requires a different
notion of aggregate data than the data structures for symbolic computing, and
these notions are not well supported in all functional languages. Many functional
languages, for instance, lack support for anything except basic array operations.
(A notable exception is Sisal [24].)

4 Data Parallel Functional Languages

Despite the dominance of functional languages tuned for symbolic computing
applications, there have been attempts to incorporate array and data parallel
operations in functional languages. In particular, there are a number of languages
emanating from the efforts in data flow computing in the eighties. The traditional
way to add data parallelism is to designate a certain aggregate data type for this
purpose, and to provide (1) a way to define entities of this type, and (2) a number
of primitives operating on these.

Arrays are a common carrier of data parallelism. Sisal [24, 50] is a strongly
typed, call-by-value functional language intended for scientific computing. It has
one-dimensional arrays (multi-dimensional arrays are thus expressed as arrays of
arrays). Arrays can be defined through a For construct which specifies a range



and, for all indices in that range, the value of the corresponding array elements.
Thus, it is somewhat like a side-effect free version of the FORALL construct of
HPF. There 1s a rich set of array operations. The design of Sisal is made to
enhance the generation of efficient code, and Sisal has efficient implementations
on a number of vector- and parallel architectures [12].

Equational Programming Language [43, 53] has recursive array definitions
with strong syntactic restrictions ensuring that they can be interpreted as recur-
rent equations. This enables the use of powerful program analysis methods and
optimizing compilation. The Id Language [22] has array comprehensions, which
serve the same purpose as the For construct of Sisal. They are, however, more
general in that they are non-strict, which means that only the part of an array
that is actually used is computed. This is essentially lazy evaluation applied to
arrays, and allows array definitions with nonterminating elements. Id array com-
prehensions can furthermore be recursive, 1.e., an array can be defined in terms
of itself.

Array comprehensions are also found in the lazy language Haskell [35]. The
array elements are defined by a list of associations, i.e., pairs of indices and el-
ement values. This list is often given as a list comprehension (i.e., a convenient
syntax for lists which allows enumerations over integer intervals, akin to loop
ranges). It is possible to leave out certain indices within the bounds: the corre-
sponding array elements are then undefined. Haskell array comprehensions are
not primarily intended for parallel implementation, but there is nothing that
prevents it [1]. Data Parallel Haskell (or DPHaskell) [31] is a version of Haskell
extended with “Parallel Objects of Arbitrary Dimensions” (PoDs). These are
essentially nonstrict arrays, possibly without bounds, supporting parallel opera-
tions. Unbounded, infinite PODs are possible thanks to the nonstrictness. Another
feature is the use of guards: boolean expressions that filter out certain elements
of PoDs. This makes it possible to express sparse PODSs.

NESL [7, 8], a successor to Paralation Lisp [9] with a similar parallel data
type, is a strongly typed, first order functional language that uses nested se-
quences as parallel data. A sequence in the sense of NESL is essentially a one-
dimensional array indexed from zero and up. Thus, the nested sequences of NESL
are quite close to the nested arrays of Sisal. NESL is implemented on several
parallel architectures on top of the intermediate format VCODE [15].

The language Crystal [17] adds another level of abstraction: parallel data
are considered as functions ranging over finite index domains. These domains
are constructed from a number of base domains (integer intervals, hypercube
coordinates, trees) which can be combined using constructors for product, direct
sum and function space. The definitions can be recursive. In [59], a restriction
operation on index domains is described that is similar to DPHaskell’s guards.
A similar but more restricted language is Alpha, for which efficient compilation
techniques have been developed [46, 47]. These methods are based on space-time
mappings [16, 20, 33, 37, 39, 40, 44, 45, 48, 49] of certain recurrent equations,
which statically specify where and when each step in the recurrence will be
computed.



A similar view of parallel data appears in Connection Machine Lisp [52].
Here, the parallel data type is the zapping, which is a set of pairs of Lisp objects
where the first component of a pair cannot occur in another pair. Thus, xappings
are really set-theoretical functions.

4.1 Formalisms

There are a number of functional formalisms which can be used as an abstract
programming notation, to specify data parallel algorithms on a mathematical
level, or to identify and prove algebraic laws which can be used for program
transformations. Some of these formalisms are executable and have been imple-
mented, while others can be used only as an abstract notation.

An early example is Backus’ FP [2]. FP is a formalism entirely based on
functions and operations on functions, most prominently function composition.
These operations are called functional (or combining) forms. FP supports a
“combinatory style” of specification, 1.e., functions are defined just by combining
other functions, without using formal parameters. Indeed, FP does not have
lambda abstraction. Values in FP are either atoms or tuples (sequences): certain
functions operate on sequences and can then often be seen as data parallel. For
instance, FP has a Map operation that serves as elementwise application, and
Right Insert and Left Insert which can be used for reduction over sequences.
FL [3] is an implementation of FP.

Similar to FP in spirit is the Bird-Meertens formalism. Here an algebra with
unary and binary functions forms a base for a set of theories for different data
types [, 6]. In particular, there is a theory for functions over lists. The lists
can be seen as carriers of parallel data; then, the formalism gives a framework to
specify and reason about data parallel algorithms. The Bird-Meertens formalism
has Map and Reduce operations which can be directly interpreted as data parallel
operations, as well as a Filter operation which forms a “compressed” list of the
elements for which some predicate is true. Skillicorn [51] has shown that the
Bird-Meertens formalism provides a model of data parallelism that is universal
over a broad class of parallel architectures, i.e., that there is a cost model which
gives the correct order of magnitude for the cost of executing the primitives in
the formalism on these architectures.

A different approach is Carpentieri’s and Mou’s algebraic model for Divide-
and-Congquer algorithms [14]. Here, Divide-and-Conquer is expressed as a certain
form of recursion. The parallel functional programming language Divacon [13] is
based on this model: it is targeted towards efficient implementation of Divide-
and-Conquer algorithms on hypercube SIMD architectures.

The PEI (Parallel Equations Interpreter) formalism [57, 58] is intended to
specify recurrent equations. The central concept is the data field (not to be
confused with data fields as defined here), which is a pair of a partial function v
from tuples of integers and a bijection ¢ from the same tuples. v can be seen as
a data field in our sense, and o can be interpreted as a space-time mapping. PEI
also includes a refinement calculus, which makes it possible to perform formal
derivations of parallel algorithms for the recurrences from looser specifications.



Finally, APL [36] must be mentioned since it probably is the first example
of a formalism (and programming language) where the typical data parallel
constructs appear.

5 An Abstract Formalism for Aggregate Data

All the languages and formalisms in the previous section have in common that
they use a single carrier of parallel data. But data parallel operations are clearly
definable and useful over a wide range of data fields (e.g., array, list, sparse,
etc.). If the natural index domain of a problem does not match the carrier of
the language well, then the programmer must coerce the index domain into the
format of the carrier. Thus, if expressiveness 1s a primary concern, then it is
desirable to have languages and formalisms which capture the essence of data
parallelism on a still higher level of abstraction. In the following we attempt
to define such a formalism, to explore its potential to serve as a base for data
parallel programming languages, to demonstrate its advantages, and to make
viable that nontrivial languages based on this formalism can be implemented in
a reasonable way.

5.1 Data Fields

The basis for our formalism is the simple observation that indexed structures
are really partial functions, e.g., an array with range 1..10 is a partial function
from integers defined only for arguments € {1,...,10}. We can then model
partial functions as total functions over c.p.o.’s, which return L when the partial
function is undefined.

Definitionl. A data field is a function D — D', where D and D’ are c.p.o.’s.
The indez set of the data field fis dom(f) = {z | f(») # L }.

This view of aggregate data is not tied to any particular data type, since
we have not specified D and D’'. To model arrays, D can be choosen as the
c.p.o. [ind] of integers. Also for lists, we can pick D = [in{], since a list has an
implicit indexing of its elements. For n-dimensional arrays, D = [inf]". Nested
arrays, e.g., arrays of arrays, can be considered as “curried” functions [int] —
([int] — D'). Data structures can be given an abstract indexing very close
to the problem domain, but the indexing can also model the data distribution
for an implementation by choosing D close to the memory model of the target
architecture (e.g., pairs of processor identifiers and local memory addresses).

Our formalization of data fields yields the “individual index set” program-
ming model, where every data parallel entity carries its own index set. If all
elements of a data field are requested, then it suffices to compute the elements
defined over the index set. It is therefore of great interest to have methods to
decide whether the index set is finite, since that allows computation of the data
field in finite time. We do not exclude infinite data fields, though: they can
make very good sense in lazy languages, where only the requested part will be
evaluated.



Fig. 6. Two possible data fields over [inf] x [in{]: a triangular field and a sparse field.

5.2 A Formal Language Scheme

Our formalism concerns expressions in a formal language. These expressions
define partial functions which in turn can be interpreted as data structures.
Formal languages for partial functions can be defined in many ways: our choice
aims at minimizing the number of language constructs while being as close as
possible to familiar concepts. We do not specify all the details completely; rather,
we present a language scheme, with the following properties:
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— Typed, with basic types and type constructors
tion).

— A number of strict operations over the basic types.

— For every basic type a constant “1” representing the bottom element.

— For every type a conditional, with interpretation as the iffunction defined
in Section 3.

— A-abstraction, i.e., if ¢ has type 7 and x has type o, then Ax.t has type o — 7.

x” (pair) and “—=” (func-

We use the n-ary notation Az ---x,.t, where z; has type o;, to denote a
function of type o1 x -+ x ¢, — 7 (rather than the curried function of type
71— (- (0 — 7).

The basic types will typically be nt, float, bool, etc. Other constructed types,
such as lists and disjoint union types, can also be added but are not necessary.
This is true also for recursive definitions.

In short, we have a typed language with ordinary basic types and opera-
tions, a conditional, higher order expressions through A-abstraction, and a dis-
tinguished constant representing domain-theoretic bottom. Everything except
the last one is readily expressible in a conventional, higher order functional lan-
guage. In Section 6 we will look into issues for real languages based on this
formalism; let us already now point out some features such languages will have:

— The data parallelism will not be a priori confined to a single data type.

— There is no need to introduce new operations on parallel data, A-abstraction
plus the first order operations and constants will suffice.

— Considering aggregate data as partial functions adds a new level of abstrac-
tion, which gives an implementation freedom to choose the most appropriate
underlying representation for a particular machine.



A data field definition in a language according to the above will be a function
definition. The only new language element is L. Thus, it 1s straightforward to
give data field definitions a denotational semantics (i.e., an interpretation as a
mathematical function). It can for instance be the least fixpoint solution to the
definition.

5.3 Explicit Restriction

It is convenient to introduce a derived restriction operation: we expect it to play
a major role when it comes to real programming, and furthermore a number of
algebraic laws can be proved which involve this operation. See Section 5.5.

Definition 2. For any data field f: D — D’ and boolean data field b: D — [bool],
FA\b = Az iflb(), f(x), 1).

So, for instance, if f is a function [int] — D', then f\ Xi.(0 < i < n)isa
function [in{] — D’ that is guaranteed to be undefined for any argument ¢ that
falls outside the range 0 < ¢ < n, and so, if seen as a data field, it makes sense
to compute its values only for arguments within that range. This particular use
of explicit restriction mimics array comprehensions. In general, restriction w.r.t.
linear inequalities yields array-like data fields; see, for instance, Fig. 6, which
pictures a triangular data field restricted by the predicate Aij.(1 <i<nAl<
J <nAi<j). Note, however, that we allow any predicate b in Definition 2. So
we could for instance define a “sparse array data field” f\ (A¢.(0 < i< n)Ad),
where b is any predicate. Thus, explicit restriction can be given a dual role: both
to give “bounds” for array-like data fields, and as the restriction found in other
data parallel languages.

Obviously, it is interesting to decide whether a predicate occurring in a re-
striction is true in a finite number of points or not, since finiteness implies that
the index set of the restricted data field 1s finite. Unfortunately, this is undecid-
able for general predicates due to the halting problem. But for certain classes
of predicates 1t is decidable. An important case is systems of linear inequalities,
where the finiteness is equivalent to emptiness of an associated system of linear
inequalities. This can be decided by polyhedral methods: for an introduction,
see [23].

It 1s sometimes convenient to define a “scalar” version of the restriction
operator, viz. z \ y = if{ly,x, L). We then have f\ b = da.(f(x)\ b(2)), i.e.,
the scalar restriction is elementwise applied to f and b according to Definition 3
below.

5.4 Data Parallel Operations

Operations on data fields are operations on functions. The interpretation is that
an operation on a data field can be thought of as a (conceptually parallel) com-
putation, where all the defined values of the resulting function are requested.
We have already considered explicit restriction. We will now show how the other
data parallel operations of Section 2 can be expressed as operations on functions.



Elementwise Applied Operations

Definition3. If ¢ has type 91 X -+ x5, — 7 and if f;; 1 < ¢ < n have
type o — %i, then Az.g(fi(2), ..., fu(2)) is the elementwise application of ¢ to

fla"'aff%

Here, ¢ is the elementwise applied operator and the f; are interpreted as
data fields. The interpretation is that g(fi(z),..., fo(2)) is computed for any »
where 1t is defined. Thus, elementwise application 1s merely a form of function
composition (see Fig. 7).

110)] — | ]
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Fig.7. g:v — 7 elementwise applied to a data field f:o0 — 4.

A-abstraction can be thought of as a side-effect-free Forall statement. Indeed,
one could use the syntax Forall x g(fi(x),. .., fa(2)) for dz.g(fr(z),..., fn(2)).

It is possible to introduce an overloaded syntax, corresponding to the For-
tran 90 array operations, provided that enough type information is available. If
we can uniquely infer that ¢ has type y; x .-+ X 7, — 7 and each f; has type
o — 7, then we can write g(fi,..., fn) and interpret this unambiguously as
Az.g(fi(x),..., fu(®)). For instance, if both f; and f; have type 7 — int, then
f1+ f2 is “syntactic sugar” for Az.(f1+ f2). Note that this overloading relies only
on type information and is not restricted to intrinsic operations as in Fortran 90,
it 1s just a way to denote function composition. It is also possible to extend this
general overloading to promotion of scalars, see Section 5.5.

Elementwise application of the iffunction can be used to “mask out” parts
of data fields and “splice” the result, e.g., i f > 0, f, —f) is a side-effect-free
way expression for the elementwise absolute value of f. Cf. Section 2.4.

Another example is array concatenation. Let (one-dimensional) arrays of
type 7 be defined as functions f:int — 7 with an attribute length(f): int such
that dom(f) C {¢]0 < i< length(f)}. (That is, an array of length n is indexed
from 0 to n — 1.) Array concatenation “-” can now be defined by

fg = Xidfli < length(f), f(i), g(i — length([)))
length(f - ¢) = length(f) + length(yg)

Array concatenation involves a shift of the second array. This is an instance of
get communication, see below.



Communication Operations Get communication is simple to model in our
formalism, since it does not involve side effects:

Definition4. If fisafunction 7 — o and ¢ is a function v — 7, then Az.f(¢(x))
is the get of f from g.

Thus, get communication is also function composition, but to the “right”,
see Fig. 8. The intuition is that for each z, the value of f at “source address”
g(z) is fetched. If the elements of f and Axz.f(g(x)) are stored in a distributed
fashion, then g specifies a concurrent read from the processor of g(z) to the
processor of z, for all x where f(g(x)) is defined. As for elementwise application,
the overloaded syntax f(g) can be used to denote Az.f(g(x)).

[[x] 9 (vl

Ny O

([oll

Fig.8. Get communication with “source data” f:7 — o and “source address map”
gy — T.

Send communication, as specified in Section 2.2, has side effect and is thus
not as straightforward to model in our framework. It is, however, possible to
define a side-effect-free version of combining send as the segmented reduction

in [28, 29].

Replication Replication is easily specified through A-abstraction. If y has type
o, then we can create a “constant valued” data field Az.y of any function type
T — o by abstracting with respect to a fresh variable z of type 7. This data
field is defined everywhere and thus infinite: an explicit restriction can give it a
finite range. In a lazy setting the actual range can also be given implicitly by the
context. Correspondingly, a “one-dimensional” data field f can be replicated into
“matrices” Aij.f(¢) (“replicate as columns”) and Adéj.f(j) (“replicate as rows”).

Promotion of scalars to data fields can be done through type inference, in
a way akin to the overloading of scalar operations. Any time a scalar y of type
o occurs in a context where an expression of type 7 — o is expected, it can
be automatically promoted into Axz.y where x is a fresh variable of type 7. For
instance, if f has type 7 — int, then the expression f 4 17 can be translated
into f 4+ Az.17, which can be further translated into Az.(f(z) + 17).

Reductions Reductions and related operations can be defined as higher order
operations through recursion. (They can be seen as algorithmic skeletons [19].)
Below, we define a general reduction which can reduce any data field f:7 — ¢
with respect to any binary operation ¢g:0 X ¢ — . Since we don’t make any



assumptions about the algebraic properties of the binary operation our reduction
needs also an enumeration, i:int — 7, that specifies the reduction order of the
elements of f.

Definition5. red: ((7r — 0) x (¢ x 0 — ¢) X (int — 1) X int) — o is defined by:

red(f,g,i,n) = ifin = 1, f(i(0)), g(red(f, g,i,n — 1), f(i(n — 1)))).

In other terms, with an infix binary operation “o”,

red(f,o,,m) = (---(f(#(0)) o f(i(1))) - --) o f(i(n = 1)).

n 1s the number of elements to reduce over. This reduction of Definition 5 is not
parallel. But if ¢ is associative, then it is easy to show that this definition is
equivalent to a balanced recursion that yields O(logn) recursion depth.

If the operation defined above is to implement what is usually perceived as re-
duction, i.e.; an operation using all the defined elements in f but no others, then
the arguments must have certain properties. First, n should equal the number
of elements in the index set of f. Second, the function ¢ should really be an enu-
meration of the elements in the index set, that is: a bijection from {0,...,n—1}
to dom(f). To assert these properties is a matter of program verification, they
are not guaranteed by the definition alone.

Definition b is very explicit since it requires the enumeration and the num-
ber of elements as arguments. This is often not convenient. In many circum-
stances, one can define less explicit forms. For instance, one can define a func-
tion red_int(f,g,n) = red(f, g, Ax.z,n), for data fields f:int — o, that reduces
f in a left-to-right fashion on the interval 0,... n — 1. The ordering can also
be given implicitly by the context, or be irrelevant (say, if ¢ is associative and
commutative). But then there must be some other way to find the n elements to
reduce over, since they are not explicitly given in the recursion anymore. Find-
ing these will in general require operations which are able to distinguish between
“divergent L” and “out of range-L”, see Section 6.5.

Other reduction operations, like scan and the segmented variants of reduction
and scan, can be defined similarly to Definition 5. See [28, 29].

5.5 Algebraic Laws

We will now present a number of algebraic laws for the explicit restriction. They
can be seen as constraint propagation rules, and they are clearly of use for, e.g.,
program optimization. For instance, they can guide the preallocation of memory,
and help reduce the amount of computation, by predicting statically which parts
of data fields will be defined and which will not.

All the results below follow more or less immediately from Definitions 1 and
2. “A” and “V” refer to the non-strict versions of conjunction and disjunction,
respectively, for which false A L = false and trueV L = true. All operators are
elementwise applied below: we use overloaded syntax.



Proposition6.

—~ =

Proposition 7. b)(g) = f(g9) \ b(9), and if g has a left inverse g=*, then

F@)\b=(F\blg=")(9)-

For elementwise application there are a number of identities. The first essen-
tially says that an outer restriction always can be “pushed” to the arguments of
an elementwise applied scalar operation:

Proposition8. g(f1,.... fi,.. ., fu)\b=g(fr,..., i\b, ..., fa)\ b for any i

from 1 to n.

FADNY = £ AD).
£\

The following identity allows the propagation of conditions from strict argu-
ments “outwards”:

Proposition 9. If g is strict in argument i, then g(fi,...,fi \b,.... fa) =
g(flaaflaafn)\b

Corollary 10. If g is strict in all its arguments, then g(fi\b1,..., fa \bn) =
g(fr, o )N (L AU ADy).

See Fig. 9: in other words, a data field given by an elementwise applied strict
operation is defined on the intersection of the index sets of the arguments. This
has interesting consequences for array languages. For instance, array arguments
to elementwise applied operations need not necessarily be conformant, the result-
ing array will be defined on the intersection of the argument ranges anyway. One
can go even further and allow, e.g., sparse and “dense” data fields in the same
expression: Corollary 10 guarantees that the resulting data field is well-defined
no matter the shape of the argument fields.

o o
o
o
O o
O
— — o
o
o
o o
Fig.9. Applying a strict binary operation elementwise to: two matrix-like data fields,
and a matrix-like and a sparse data field.

Proposition 8 and Corollary 10 also support promotion of scalars to data
fields with automatic conformation to fit the given context. Consider, for in-
stance, the expression f\ b+ 17. Promotion of scalar turns this into f\ b+ Az.17,
and by the identities this equals (f \ b+ Az.17\ ) \ b. Thus, even though Az.17
is unrestricted, its use will be restricted to the same points as where f\ b is
defined, i.e., it fits exactly the extent of f\ b.

Finally, for the elementwise applied conditional function, we have the follow-
ing identities (see also Fig. 10):



Proposition1l.

zf(b,f,g) = Zf(baf\bag \ _'b)
ifib, FA\b1,g\b2) = iftb, f,9)\ (DA b1)V ((—b) Aba)

b1(x)=T

b(x)=F b(x) undefined

b(x)=T

b2(x)=T

Fig.10. Elementwise application of the if-function. if(b, f\ b1, ¢ \ b2) is defined on the
shaded areas.

6 Towards Implementations

In this section we will argue that purely functional data parallel languages can
be almost directly defined according to the formalism developed in Section 5.
Such languages can be based on higher-order strongly typed languages: using
functions as data fields in the way suggested by our formalism will then require
a very small extension of the language. A more detailed account of the material
presented here is found in [29].

6.1 C.p.o.’s with Explicitly Undefined Values

In our formalism the abstract value L 1s really used for two different purposes:
to denote nontermination, and to represent a failing lookup. The second situa-
tion can be detected in finite time and is thus in some respect a “soft” failure.
Operationally, these situations are very different and it can make good sense to
distinguish between them: for instance, we would not like program transforma-
tions to turn a “terminating 1” into nontermination. However, without some
means to distinguish between these behaviours we cannot guarantee that this
cannot happen!

Thus, a more detailed semantics is needed that takes this difference into
account. This can be accomplished by introducing, for every semantical c.p.o.,
a novel element “x” which means “explicitly undefined” and represents a failing
lookup. # should behave algebraically as L, ie., if f(...,L,...) = L then we



should (at least, preferrably) have f(...,*,...) = *. We can think of % as a
kind of error value (and, conversely, error values for other purposes, such as
divide-by-zero, should have similar properties).

Semantically, we replace the old interpretations [r] of types 7, as c.p.o.’s
which do not distinguish explicit undefinition and divergence, with new inter-
pretations [[7]« as c.p.o.’s with explicitly undefined elements *. This means that
also the operations in the language in question must be given new interpreta-
tions as functions over the new c.p.o.’s, i.e., they must be extended to deal with
the case when some argument(s) is =*.

How should functions over old interpretations [r] be extended to interpre-
tations 7]« with explicitly undefined elements? A function f.:[r]. — [7]« is
a consistent extension of f:[r] — [r] if it, roughly speaking, obeys the same
algebraic identities with respect to * as the ones f obeys with respect to L
(for an exact definition, see [29]). Being a consistent extension is not a funda-
mental property, and indeed there are useful functions over [r]. which are not
(see Section 6.5), but the consistent extensions have certain nice properties. For
instance, most!of the algebraic laws in Section 5.5 generalize to consistently ex-
tended functions, which means that program transformations based on these
laws will preserve also the termination properties!

In the following we will use the if,-function, which is the conditional consis-
tently extended to handle * according to the following axiom:

if.(x,x,y) =

We can use this conditional to define an extended explicit restriction:

f \* b= /\l‘.lf*(b(l‘), f(l‘), *)

From now on, we will assume that all operators of the assumed language (with
the possible exceptions of Section 6.5) have a consistently extended interprete-
tation.

6.2 Parallel Evaluators

So far, we have been talking loosely about data fields as an interpretation of
function-typed expressions as partial functions. But what do we mean? Actu-
ally, we are talking about a different evaluation mechanism for functions. The
conventional evaluation mechanism for functions which is used in traditional
functional languages is based on the B-reduction of the A-calculus [4], which
means that a function is not evaluated until it is applied to an argument. So a
function can only be computed “pointwise”, for one argument at a time. The

! The exception is Corollary 10, which holds in a weaker form for “reasonably” con-
sistently extended strict operations. The problems arise for extensions of operations
which are strict in more than one element. These can be consistently extended in
various ways, differing in how they treat the cases where some strict arguments are *
and others are 1. Some of these extensions will require expensive implementations,
those which do not will obey weaker forms of Corollary 10. See [29].



“data field reading” of a function is different: it implies an attempt to evaluate
all the possibly defined values of the (partial) function in order to tabulate it.
This is a (conceptually) parallel evaluation mechanism, and it is different from
the conventional one.

Explicit control over which mechanism to use is given by introducing a partic-
ular operator that forces a “parallel evaluation” of a function-typed expression.
We call this operator “request”, since it requests all the possibly defined values
of a data field. Thus, request(f) will, if it succeeds, yield a data structure which
holds a table over the defined values of f. So request(f) is also a function, albeit
tabulated, and subsequent calls to request(f) will be implemented by some kind
of lookup.

An ideal request operator would always find the exact index set of its argu-
ment and then tabulate the argument for those points. But such an ideal operator
cannot exist for other than trivial functional languages. This limitation is due
to the halting problem: the request operator itself may fail to terminate when
applied, and there 1s in general no mechanism to predict when this will hap-
pen. This means that there is no “best” way to define request: any solution will
have to be approximate, and there will be a tradeoff between the accuracy and
the complexity of the index set approximation procedure. Indeed, one can very
well have several different request operators in the same system which provide
different tradeoffs. However, they should all behave according to the following
scheme:

1. Attempt to find a set S of total values (not containing L), such that z ¢
S = f(x) = *.

2. Enumerate S.

. Evaluate f for all z € S.

4. If terminating, return a data structure with a table of the resulting values.

o

Condition 1 guarantees that the lookup procedure, which is used to apply
request(f) as a function, safely can return # when the lookup fails. Ideally, S
should be finite whenever dom(f) is, but as reasoned above this cannot be
achieved in general. A variant of the scheme above tests whether S is finite
in order to avoid nontermination due to an infinite search for values to tabulate.
However, as reasoned above, mere finiteness of S is not sufficient for tabulation:
we must also know an enumeration of the elements in order to create the table
of values.

Also note that request(f) will fail to terminate if f(z) = L for any total «,
that is: request is hyperstrict [56]. The situation is akin to the evaluation of a
list-valued expression at the top level in a lazy functional language. Indeed, the
eval-print loop of such a language can be thought of as using an equivalent to
request in order to force the evaluation of all the elements in the list.

How could a request operator go about finding an 57 There are several pos-
sibilities. A crude request could require that its argument be given on the form
F \ b. Tt could then inspect the predicate b to see whether it defines a suit-
able S or not. For instance, it could deem as acceptable predicates of the form



Aiy - in (i < i <ur A Al < < uy,), where the [ and u; are integers:
this kind of predicate specifies array-like data fields and a request operation ac-
cepting such predicates will act very much like the array comprehensions of, e.g.,
Haskell [35]. See Fig. 11. Other formats are certainly also possible to recognize.
An immediate generalization is to allow b to be a general system of linear in-
equalities: the problem to enumerate the integral points in polyhedra defined by
linear inequalities is exactly the loop scanning problem [23, 38]. As mentioned in
Section 5.3, there are also methods to decide the finiteness of polyhedra.

ul
i1

Fig.11. An array-like restriction.

It is also possible to envisage request operators which perform a more elab-
orate search for a “narrower” S. Such an operator can for instance utilize the
algebraic laws of Section 5.5. In particular, the laws for elementwise application
of strict operators are useful since they lead to the taking of intersections. Cer-
tain classes of predicates, e.g., the “array predicates” exemplified above and also
the more general systems of linear inequalities, define classes of sets which are
closed under intersection. A prototype implementation of a simple functional
language with a request operator performing a search of this kind exists [27].

6.3 Loosely Specified Reductions

For binary operations which are both associative and commutative, the order
of operations and operands is not significant. For such binary operations (or,
when an ordering of the operands is implicitly given), it is convenient to have a
loosely specified reduction red(f, g) which takes as argument only the data field
f to reduce over and the binary operation g. Such a reduction can be based on
request as follows:

1. Compute request(f) (over the set S).

2. Reduce over the resulting values using the enumeration of S computed by
request (or some implicitly given ordering).

3. Return the result.

The set S computed by request can be approximate, i.e., we may have f(z) =
* for some « € S. These elements must be sorted out before reducing (or else, if



¢ is strict, the reduction will yield #). This means, at some level, that we need a
way to test for * that returns true or false rather than *. Such a test must be a
non-consistent extension, se further Section 6.5.

6.4 Extent Analysis

It 1s sometimes possible to analyze data field expressions at compile time in
order to find properties which allow the generation of simpler but still correct
code. This is particularly valuable in order to avoid the runtime overheads asso-
ciated with advanced evaluation mechanisms, like elaborate request operators.
Fxtent analysis [41] refers to two static analyses, formulated as abstract inter-
pretations [18], which are applicable to data field expressions. “Extent” stands
for index sets or needed parts thereof: in these analyses the extent of a function
[o] — [7] is represented by a predicate [¢] — [bool].

Input-output analysis tries to infer, given the extents of the “input” data
fields, an approximation f# to the index set of the resulting data field f. f# has
the property that f(z) # L = f#(z): thus, it provides a safe approximation
to the index set of f. (This analysis, as given in [41], is formulated with respect to
the simpler semantical c.p.o.’s where * is identified with L: it 1s straightforward
to reformulate it to ¢.p.o.’s with * and prove f(z) # % = f#(z).)

Input-output analysis can be used to perform the analysis phase of request
at compile time, since f# yields a possible S. This can enable static allocation
and scheduling methods which can be used to produce efficient code.

QOutput-input analysis tries to find, for a predicate b, data field expression ¢
and data field f used to evaluate ¢, the points  where calls will be made to f(#)
in order to evalutate ¢(2') in any point where b(z') is true. Thus, the result of a
successful analysis can be used to preschedule calls to f given that request(f\b)
is to be evaluated.

Input-output analysis propagates constraints from input data fields to results,
whereas output-input analysis propagates constraints on outputs (requested
parts of data fields) to inputs. Thus, they are related to the Floyd-Hoare se-
mantics of imperative languages, in particular the strongest postcondition and
weakest precondition predicate transformers [21]. Directly related are methods to
analyze constraints on integer typed variables, e.g., for the purpose of analyzing
array references statically. In particular, the polyhedral abstract interpretation
of Halbwachs [26] seems relevant.

6.5 Non-Consistent Extensions

There is at least one non-consistent extension that seems useful. Sometimes it
makes sense to have a special equality predicate “='" where * =’ * returns true
and otherwise false is returned. Since = is strict, any consistent extension must
return * as soon as any operand equals *: thus, =’ is a non-consistent extension.
Nevertheless, it is perfectly computable and can be provided as a primitive.



For instance, =’ can be used to define a “fil{” operation that fills in something
where a data field is explicitly undefined:

fill(f, g) = A df,(f(x) ="+, g(x), f(2)) (1)

This operation can be used to add a sparse data field ¢ into a dense field f in
exactly the points where ¢ is defined, viz:

[+ fillg, 0).

The result is a data field with the same extent as f. Note that f + ¢ would be
sparse.

6.6 Implementations of *

Our programming model, with an explicitly undefined element *, requires that
we represent that element somehow and extend the operations in the language
to deal with it. This can be done in several ways, here are a few:

The naive way is to give * a tagged representation and extend operations to
handle * through explicit tests for *. For instance, extended addition (denoted
“+.”) can be implemented as

+uo = Azyif(z = *xVy = x w2+ y).

This kind of implementation is, however, extremely inefficient on most processors
since 1t contains a conditional at a very fine-grain level.

A better alternative, which is sometimes possible, 1s to make an exception-
based implementation where occurrences of * are catched, the execution is in-
terrupted and * is returned. This is correct for consistently extended operations
since these should return % whenever a strict argument is *. With this kind of
implementation, * will behave very much like “failure” in Prolog. For details,
see [29)].

For floating point computations according to the IEEE standard the “NaN”
(Not a Number) entities can represent =, since they have the correct algebraic
properties [25].

When operating on data fields, it can be advantageous, for a data field f, to
have a “aggregated tagged” representation as a bit mask b paralleling the data
structure with the “real” values of f, such that b(x) = false encodes f(z) = *.
Elementwise applied strict operations can be efficiently implemented in this way,
by first ANDing the bit masks of the operands elementwise and then applying the
operation only in the points where the result is true. SIMD machines provide
hardware support for this through the local context flags, which control the
participation of processing elements.



7 Conclusions and Further Research

We have presented a formalism for data parallelism where aggregate data are
considered to be partial functions, and operations on aggeregate data are higher
order operations on functions. Formal languages for this can use the classical A-
syntax extended with constants, and in particular a constant “1” representing
domain-theoretic bottom is needed.

We demonstrated that a number of common data parallel operations could
be expressed in such a language, and we proved algebraic laws which can be
used to transform expressions specifying aggregate data in order to simplify the
computation of these. We then proceeded to show that data parallel program-
ming languages can be based directly on the formalism. For this, we needed to
introduce more refined semantical c.p.o.’s, distinguishing between the divergent
L and explicit undefinition, and a request operation creating an environment
where function-typed expressions are given an interpretation approximating the
set-theoretical partial function defined by the expression. In particular, a higher
order functional language need to be extended only with a request operator and
a constant for explicit undefinition to serve as a data parallel language of this
kind.

A less radical use of the formalism is to give formal semantics to the side-
effect free parts of existing data parallel languages. For instance, it seems that
the “pure” data parallel parts of HPF, i.e., array operations and FORALL state-
ments, can be treated in this way. A formal semantics for these constructs could
aid the construction of correct compilers, and algebraic laws like those in Sec-
tion 5.5 can be of use in the design of optimizing transformations. Furthermore,
a mathematical formalism like ours can guide the design of the data parallel
primitives in new production languages.

We are currently experimenting with functional languages based directly on
the formalism. A first experiment has been carried out, where a simple inter-
preter was implemented [27]. This interpreter implements a request operator
which accepts functions over tuples of integers and performs a dynamic search
for a finite “hyperrectangle” (i.e., a predicate of the form Aiy ---ip.(I; < d5 <
up A+ Aly <ip < uy)) approximating the index set. Next on the agenda is to
define and implement a more serious kernel language, with a rich set of basic op-
erations, which essentially is a functional language with the minimal extensions
necessary to support our formalism. This language is intended as an interme-
diate form, designed to be easy to analyze and transform, and the intention is
to experiment with more user-friendly syntaxes which can be readily translated
into this format, concurrently with the development of compiler technology for
the kernel language.

Our formalism was originally intended to model the data parallel primitives
occurring mainly in scientific computing. But as the work has progressed, we
have discovered some other interesting possibilities as well:

— In the expression f\b, the predicate b could well be given in a non-committed-
choice logic programming language like Prolog. Under a request, the logic



program would then compute its set of solutions, put these in a data struc-
ture, and then f would be applied to each of these to create the resulting
table. Thus, explicit restriction can be used as a semantically clean interface
beween functional and logic languages.

— Data fields could be used to model relational databases, and operations on
data fields could thus be used to express data base queries.

— Data fields over two- and three-dimensional spaces can be used for sym-
bolic representation of images and solid modelling. Images can be defined by
pixel-valued data fields. Operations such as translations, rotations, scaling
etc. are readily expressible through function composition. Printing an image
simply means requesting the pixel values in a number of points. Symboli-
cally represented movies are images dependent on a also a time coordinate:
viewing a movie then amounts to requesting the images defined at certain
times. The geometry of solids can be defined by explicit restrictions in three
dimensions. Data fields ranging over these restrictions can hold attributes
such as density, colour, stress, etc., and these can be used for computing.
Viewing a 3-D scenery means requesting a 2-D plane of pixels from some
viewpoint, computed according to the projected 3-D scenery of data fields.

Exploring these applications are additional research topics of great interest.
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